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Abstract. Wc give new information about the geometry of closed, orientable hyperbolic 
3-manifolds with 4-free fundamental group. As an application we show that such a manifold 
has volume greater than 3.44. This is in turn used to show that if M is a closed orientable 
hyperbolic 3-manifold such that vol A/ < 3.44, then dim^^ Hi{M;'L2) < 7. 



1. Introduction 

The theme of this paper is the interaction between the geometric structure of hyperbohc 
3-manifolds and their topologically defined properties, including properties of their funda- 
mental groups. 

Definition 1.1. The rank of a finitely generated group is defined to be the minimal cardi- 
nality of a generating set of the group. A group F is said to be k-free, where /c is a given 
positive integer, if every finitely generated subgroup of F having rank at most k is free. 

The property of having /c-free fundamental group occupies a convenient middle ground be- 
tween the topological and geometrical aspects of a hyperbolic 3-manifold M. On one hand, 
it is a property that can be detected in terms of algebraic data, specifically the ranks of 
the groups ifi(M;Zp) and the absence of low genus surface subgroups of 7ri(M). On the 
other hand, via the log(2A; — l)-theorem of [5], it interfaces directly with the geometry of the 
manifold, specifically the displacements of points under the action of elements of tti{M) on 
hyperbolic space. 

The fundamental group of a generic closed hyperbolic 3-manifold M is 2-free. In fact, 
according to a theorem proved by Jaco and Shalen [15, Theorem VI.4.1], if 7ri(M) is not 
2-free then M has a finite cover M such that vri(M) has rank 2. As will be discussed later 
in the introduction, if 7ri(M) is 2-free then there exists a point of M where the injectivity 
radius is at least | log 3. Since every 3-free group is 2-free, one would expect analogous, but 
stronger, geometric information in the case where ni{M) is 3-free. Indeed, it follows from 
Corollary 9.3 of [2], that a closed orientable hyperbolic 3-manifold with 3-free fundamental 
group contains a point where the injectivity radius is | log 5. 

However, this pattern does not continue. The methods used in the 2-free and 3-free cases 
depend not only on the log(2/i; — 1) theorem but on subtle topological arguments involving 
certain coverings of by cylinders. These arguments do not imply that if 7ri(M) is 4-free 
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then M contains a point with injectivity radius ^ log 7. Moreover, while it is clear that the 4- 
free condition should have stronger geometric consequences that the weaker 2-free and 3-free 
conditions, there have been no methods available to connect this condition to the geometry. 

In this paper we introduce such methods. They lead to a fundamental new geometric fact 
about the geometry of a 3-manifold with 4-free fundamental group, which is stated as The- 
orem 1.4 below. This result will in turn be applied to prove a volume estimate for such 
manifolds, which is stated as Theorem 1.5 below; furthermore, combining this with the re- 
sults of [10] we obtain a new connection between volume and homology, stated in Theorem 
1.6 below. 

The statement of Theorem 1.4 requires a definition. 

Definition 1.2. We shall say that a point P of a hyperbolic 3-manifold M is X-thin, where 
A is a given positive number, if there is a homotopically non-trivial loop of length < A based 
at P. A point will be is said to be X-thick if it is not A-thin. 

Equivalently, a point of M is A-thick if and only if it is the center of a hyperbolic ball of 
radius A/2 in M. Thus Corollary 9.3 of [2] is equivalent to the assertion that if M is closed 
and orientable and '/ri(M) is 3-free, then M contains a (log5)-thick point. 

Definition 1.3. We shall say that a point P G M is X-douhly thin if there are two loops 
of length < A based at P which represent non-commuting elements of 7ri(M, P). A point 
P G M will be said to be X-semithick if it is not A-doubly thin. 

Section 3 contains a general discussion of properties of doubly-thin and semithick points. 
We can now state the main result of this paper, which is proved In Section 5. 

Theorem 1.4. Suppose that M is a closed, orientable hyperbolic 3-manifold such that tti{M) 
is A-free. Then M has a log 7 -semithick point. 

The proof begins from the same basic point of view as that of [2, Corollary 9.3], but requires 
much deeper arguments. In the following sketch we will use terms that are well-known and 
are defined precisely in the body of the paper. 

Consider a closed, orientable hyperbolic 3-manifold written as M = H^/F, where F < 
Isom_|_(E[^) is discrete and cocompact. Fix a positive number A. For each maximal cyclic 
subgroup C of F generated by a (loxodromic) element of translation length < A, we consider 
the hyperbolic cylinder consisting of points of that are displaced through a distance < A 
by some non-trivial element of C . This gives a family Z = {Zc} of cylinders indexed by 
certain maximal cyclic subgroups. This family of cylinders covers if and only if the 
manifold M contains no A-thick point. 

If F is 2-free then any pair of distinct maximal cyclic subgroups generates a free group of 
rank 2. Thus, if we take A = log 3, then it follows from the "log 3-theorem" — the case k = 2 
of the "log(2/c — l)-Theorem", which combines [5, Theorem 6.1] with the Marden conjecture 
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proved in [1] and in [9] — that Zc H Zc' whenever C ^ C . Since hyperbohc space cannot be 
covered by pairwise disjoint open cyhnders, this shows that M has a log3-thick point. 

When r is /c-free, for k > 2, this argument can be refined by assuming that is covered 
by the cyhnders in the family Z and considering the nerve of this covering. The nerve is 
an abstract simphcal complex K whose associated space is denoted \K\. By definition each 
vertex of K corresponds to an index for the family Z, i.e. a certain maximal cyclic subgroup 
of r. To each open simplex a of K we assign the subgroup 0(cr) < F which is generated 
by the cyclic subgroups corresponding to the vertices of a. If we take A = log(2A; — 1) then 
the /c-free assumption together with the log(2A; — l)-Theorem imply that if a is a simplex of 
dimension < k, then 0(cr) must be a free group of rank at most k (even though a /c-simplex 
has k + 1 vertices!) For k = 3, the group-theoretic arguments given in [5] use this structure 
to derive a contradiction from the assumption that Z covers H^, implying that M has a 
logS-thick point. 

In the case being considered in this paper, where F is 4-free, the assumption that M has no 
log 7-semithick point implies that the family Z "doubly covers" in the sense that every 
point lies in at least two different cylinders in the family. The "double covering" property, 
together with the contractibility of H^, implies that the complement of the 0-skeleton \K^\ 
relative to the 3-skeleton \K^\ is connected and simply connected. 

We know that 0(cr) must be a free group of rank 2 or 3 for any open simplex a contained 
in \K^\ — \K^\- Set-theoretically we may therefore regard \K^\ — \K^\ as the disjoint union 
of sets X2 and X3, where is the union of all open simplices a of for which Q{(t) has 
rank k. 

As in the corresponding argument in [5], we have a natural simplicial action of F on K. For 
/c = 2,3, this induces an action on the set of connected components of Xk- A key step is 
showing that the stabilizer of any component of Xk under this action is a free group. This is 
approached by the same basic ideas involving the lattice of free subgroups in a k-free group 
that was used in [5], but it is much more difficult. In particular it depends on a crucial way 
on Richard Kent's recent result [16] that if two rank-2 subgroups of a free group have a rank- 
2 intersection then they have a rank-2 join. The relevant group theory, incorporating our 
application of Kent's result, is done in Section 4. 

The actions of F on the sets of components of the Xk give rise to an action of F on an 
abstract bipartite graph T. The vertices of T are the components of X2 and of X3. Two 
vertices of T are joined by an edge if they correspond to subsets of \K^ \ — \K^\, one of which 
is a component of X2 and one a component of X3, and if some simplex contained in one of 
these sets is a face of a simplex contained in one of the other set. 

The 1-connectedness of \K^\ — \K^\ implies that T is a tree. The group F acts on T without 
inversions. The vertex stabilizers under the action of F on T are stabilizers of components of 
the Xk under the action of F, and are therefore free. As F is isomorphic to the fundamental 
group of a closed hyperbolic 3-manifold, basic facts about actions of 3-manifold groups on 
trees, which we quote from [12], then lead to a contradiction, and Theorem 1.4 is proved. 
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Having established that interesting geometric properties of M follow from the assumption 
that 7ri(M) is 4-free, it is natural to ask whether these geometric conditions are in fact 
stronger than those which follow by the 2-free and 3-free hypotheses. Sections 6-13 address 
this question. If a hyperbolic manifold contains a logS-thick point then volM > 3.08. In 
Section 13 we will prove: 

Theorem 1.5. If M is a dosed, orientable hyperbolic 3-manifold. If M contains a (log7)- 
semithick point then volM > 3.44. In particular, if tii{M) is A-free then volM > 3.44. 

Note that the second assertion of Theorem 1.5 follows from the first assertion in view of 
Theorem 1.4. 

To compare the relative strenghts of the bounds 3.08 and 3.44, we recall [20, Corollary 6.6.3] 
that the set V of all volumes of closed, orientable hyperbolic 3-manifolds is a well-ordered 
subset of M of ordinal type u'^. There are 34 known volumes of cusped orientable hyperbolic 
3-manifolds between 3.08 and 3.44; this can be shown to imply that the ordinal type of the 
set Vn (3.08, 3.44) is at least 34a;. By contrast, there are only eight known volumes of cusped 
orientable hyperbolic 3-manifolds less than 3.08, and the best available lower bound for the 
ordinal type of the set V n (0, 3.08) is 8uj + 6. 

Section 13 also contains a proof of the following result, which establishes a new connection 
between volume and homology: 

Theorem 1.6. Let M be a closed orientable hyperbolic 3-manifold such that volM < 3.44. 
Then dim^^ Hi{M; Z2) < 7. 

This result is analogous to Theorem 1.2 of [10], which asserts that if volM < 3.08 then 
dimz^ Hi{M; Z2) < 5. 

We now sketch the proof of Theorem 1.5. In the case where M contains a log7-thick point, 
the sphere-packing results established in [7] give a lower bound of more than 5.7 for vol M. If 
M contains a log 7-semithick point but contains no log7-thick point, a continuity argument 
produces a point P & M which is log 7-semithick, but is not A-semithick for any A > log 7. All 
loops based at the point P which have length < log 7 represent elements of a single maximal 
cyclic subgroup C of 7Ti{M,P). (The relevant properties of the point P are summarized in 
Corollary 5.14, in somewhat different and more technically convenient language.) 

If P is such a point, let C M denote the metric neighborhood of P with radius (log7)/2, 
and let D denote the minimal length of a loop based at P which represents a generator of 
the maximal cyclic group C. Lemma 7.6 gives a lower bound for vol in terms of D, subject 
to a suitable lower bound 6 on the length of the shortest geodesic in M. 

To establish this lower bound one begins by interpreting volA^ as the volume of a set X 
obtained by removing finitely many caps from a ball B cM.^ of radius (log7)/2 (see Propo- 
sition 6.2). Each of these caps is associated with a non-trivial element 7 of C. If we write 
M = H^/r as above, take B to be centered at a point P in the pre-image of P under the 
quotient map, and identify C with a subgroup of the deck transformation group, then the 
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cap corresponding to 7 is one "half" of the intersection of B with 7 ■ 5. Thus an element 7 
of C corresponds to a cap in the construction of X only ii B (1 '~f ■ B ^ (ll. UP happens to 
lie close enough to the closed geodesic corresponding to the cyclic group C then the set X 
is obtained by removing two disjoint caps from the ball; in general, however, there may be 
more than two caps, and some of them may overlap. 

Imposing a lower bound on the shortest geodesic in M gives a lower bound on the translation 
length of a generator of C. When this translation length is sufficiently large, only relatively 
small powers of the generator of C can correspond to caps in the construction of X. Further- 
more, the lower bound for the translation length of the generator gives lower bounds for the 
displacement of P under these powers of the generator, and this controls the volumes of the 
caps and of their intersections. The details involve quite a bit of hyperbolic trigonometry. 

In order to apply Lemma 7.6 for numerical estimates we need to be able to calculate volumes 
of caps and of intersections of caps. This is the subject of the Appendix. 

The lower bound for volA^ provided by Lemma 7.6 is in particular a lower bound for volM, 
but this lower bound decreases as D decreases, and by itself it turns out to be insufficient 
to give the conclusion of Theorem 1.5 except for rather large values of D. To compensate 
for this we obtain a lower bound for vol(M — N) which increases as D decreases, and use 
vol + vol(M — A^) as a lower bound for vol M. To obtain a lower bound for vol(M — A^), 
we exploit the fact that there are non-commuting elements of 7ri(M, P) represented by loops 
of length log 7 and D, and again use the hypothesis that 7ri(M) is 4-free. These pieces of 
information are used, via results proved in [11] and adapted to the context of this paper 
in Section 8, to show that there is a point F G M whose distance from P is p, where the 
quantity p is explicitly defined as a monotonically decreasing function of D. The results from 
[11] also guarantee that we may take Y to lie in the //-thick part of M if is any Margulis 
number for M. (One could, for example, take p to be log 3, which by [3, Corollary 4.2] is 
a Margulis number for any closed orientable hyperbolic 3-manifold with 2-free fundamental 
group.) 

When p is sufficiently large it is easy to use the existence of the point Y to give a non- 
trivial lower bound for vol(Af — A^). For example, if p > (log7)/2, it follows from the 
triangle inequality that the (p — (log7)/2)-neighborhood of Y is contained in M — A^. If 
(p — (log7)/2) < /i/2, this neighborhood is a hyperbolic ball and its volume, which can be 
calculated explicitly in terms of p, is a lower bound for vol(M — A^). If (p — (log 7)/2) > p/2, 
the volume of M — A^ is bounded below by the volume of a hyperbolic ball of radius p/2. 

In order to obtain the lower bound asserted in Theorem 1.5, this straightforward method for 
bounding vol(M — A^) from below must be refined in several ways. One of these involves the 
choice of the Margulis constant p. We mentioned above that log 3 is a Margulis number for 
M provided that tti{M) is 2-free. In Section 10 we use the methods of [11] to give a stronger 
result when vti (M) is fc-free for a given k > 2 and the diameter A of M is known. Corollary 
10.3 asserts that a certain quantity defined as a function of k and A, which is monotonically 
increasing in k and monotonically decreasing in A, is a Margulis number. By combining 
this with [2, Corollary 9.3], we show that if ni{M) were 4-free and had M has volume at 
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most 3.44 then /i = 1.119 would be a Margulis number. We may therefore use this improved 
choice of fi in the proof of Theorem 1.5. 

A second refinement of the straightforward lower bound for vol(M — A^) is based on the 
sphere-packing arguments given in [7]. If (p — (log7)/2) > h, where h denotes the distance 
from the barycenter to a vertex of a regular hyberbolic tetrahedron with sides of length /i, 
then M — N contains the metric neighborhood N' of radius h about Y, and arguments in 
[7] give an explicit lower bound for volA^' which is significantly greater than the volume of 
a ball of radius fi/2. While this lower bound applies to any /i/2-thick point in a hyperbolic 
manifold, we have more information in the present situation: not only is F a /i/2-thick 
point, but M contains the point P whose distance from Y is p, a. number which is often 
considerably larger than h. In Section 9 we show that the lower bounds given in [7] can be 
improved using the existence of such a "distant point" P. 

A third refinement of the lower bound for vol(M — A^) is based on an observation that was 
already used in [11]. When p — (log7)/2 > h, there is a point Y' of M whose minimum 
distances from both the (log7)/2-neighborhood of P and the /i- neighborhood of Y are at 
least p — ((log 7)/2 + /i)/2. It is often possible to take such a point Y' to be //-thick, and thus 
to obtain an additional contribution to vol(M — A^) from a suitable metric neighborhood of 
Y' in the same way as from a metric neighborhood of Y. 

We mentioned that our method for bounding vol A^ from below requires a lower bound 6 for 
the length of the shortest geodesic in M. It turns out that if we take 6 = 0.58, the methods 
sketched above give the lower bound 3.44 for volM. We have lower bounds for both volA^ 
and vol(M — A^) in terms of the parameter D, and their sum is a function of D which is a 
lower bound for volM, provided that no geodesic in M has length < 0.58. In Section 12 we 
prove by a rigorous sampling argument that this function is bounded below by 3.44 on the 
relevant range. 

In the case where M does contain a short geodesic c of length / < 0.58, the argument does 
not use Theorem 1.4, but it does use many of the other ingredients described above. We 
fix a point P on the closed geodesic c and define A^ C M to be the A/2-neighborhood of P, 
where A is the length of the shortest loop based at P that does not represent an element of 
the cyclic subgroup of tti (M, P) determined by c. Since P lies on c, vol A^ is equal to the 
volume of a set obtained by removing two disjoint caps from a ball of radius A/2 in M.^; the 
volumes of the caps are determined by A and the length / of c. Lemma 7.6 again applies to 
give a lower bound for vol(M — A^); the quantity A plays the role that log 7 played in the 
earlier application, and / plays the role of D. We now have a lower bound for vol M involving 
the two parameters A and /. In Section 13 we prove by a rigorous sampling argument that 
this function is bounded below by 3.44 on the relevant range of values of / and A, except 
possibly when / < .003. In the latter case a different method, based on estimates for tube 
radius established in [5] and tube-packing estimates proved by Przeworski in [18], gives the 
desired lower bound of 3.44 for vol M. 

We are grateful to Rosemary Guzman for pointing out a number of errors and clarifying some 
passages in earlier drafts of the paper. We are also grateful to Richard Kent for proving his 
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theorem in [16]. This theorem was an old conjecture, and we had called attention to it after 
we realized its relevance to hyperbolic geometry. 



2.1. Let S* be a subset of a group T. We shall denote by (S) the subgroup of T generated 
by S. We shall say that 5* is independent (or that the elements of S are independent) if {S) 
is free on the generating set S. 

It is a basic fact in the theory of free groups [17, vol. 2, p. 59] that a finite set C F is 
independent if and only if (5*) is free of rank IS*]. This fact will often be used without explicit 
mention. 

2.2. For any positive real number R, let us define the cylinder of radius R about a line L in 
to be the set of all points whose distance from L is less than r. 

2.3. A real- valued function /(xi, . . . , x„) of n variables will be said to be monotone increasing 
(resp. decreasing) in the variable Xi if /(xi, . . . , Xj, . . . , Xn) < /(xi, . . . ,x[, . . . , x„) whenever 
Xi < x[ (resp. Xi > x'^) and both (xi, . . . , Xj, . . . , x„) and (xi, . . . , x-, . . . , x„) lie in the domain 



2.4. Let 7 be a loxodromic isometry of H^. Let / denote the translation length of 7 and let 6 
denote its twist angle. If 2; G H'^ is a point, and if we set D = dist(2;, 7(2;)), then the distance 
from z to the axis of 7 is equal to u!{l, 6, D), where u is the function defined for < / < -D 
and 61 G M by 



The formula (2.4.1) shows that for any 6 and any / > 0, the function 6, ■) is a continuous, 
monotonically increasing function on (/,oo). 

If A is any positive real number, we shall denote by Zx{'~f) the set of points z eM^ such that 
dist(z,7(z)) < A. Then Z\{'-f) is empty if the translation length Z of 7 is at least A. If / < A, 
then in view of the monotonicity of u in the third variable, Zx{'-f) is a cylinder of radius 
Lj{l, 6, A) about the axis of 7. Furthermore, the continuity of u in the third variable implies 
that if / < A then 



2.5. Let C be a cyclic subgroup of Isom+(EI^) generated by a loxodromic element 70. The 
non-trivial elements of C have a common axis which we shall denote by Aq- Now if A is any 
positive real number, it follows from the discussion in 2.2 that the set Zx{C) = Ui^^gc ^a(7) 
is empty if 70 has translation length > A, and is a cylinder about Ac if 70 has translation 
length < A. If 70 has length / and twist angle 6 then the radius of the cylinder Z\{C) is 



2. General Conventions 



of/. 



(2.4.1) 




(2.4.2) 



Za(7) = {zem^ : dist(2,7(2)) < A}. 



(2.5.1) 



max uoiuLnO, 

l<n<[A//] 
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2.6. If r is a discrete subgroup of Isom+(EI'^), we shall denote the quotient projection — ^ 
H^/r by qr- If P is a point of M = H^/F, each point P of q^^{P) determines an isomorphic 
identification of 7Ti{M,P) with F. 

2.7. If {X,d) is a metric space (for example a hyperbolic manifold with the usual distance 
function) and A is a bounded subset of X, we define the extrinsic diameter of A in X to be 
the quantity sup^y^j^d{x,y). 

If r is a non-negative real number and P is a point in X, we shall let 

Nx{P, r)={x E X I d{x, P) < r} 

denote the metric ball with radius r and center P. We will abbreviate this as N{P, r) when 
it is clear which metric space {X, d) is meant. Note that we are using the term "ball" to 
mean an open ball. 

2.8. Let M be a closed, orientable hyperbolic 3- manifold, and let A be a positive number. 
The notion of a A-thin point of M was defined in 1.2. We denote the set of A-thin points of 

M by Mthin(A), and we set Mthick(A) = M - Mthin(A). 

Suppose we write M = H^/F, where F is a discrete subgroup of Isom+(EI^). Let P be a 
point of M and let P be a point of q^^(P). Then P is a A-thin point if and only if we have 
diste3(7 ■ P, P) < A for some 7 G F — {!}. Equivalently, we have P G Mthm(A) if and only if 
P lies in Zc{X) for some maximal cyclic subgroup C of F. 

3. DOUBLY-THIN AND SEMITHICK POINTS 

The notion of a A-doubly thin or A-semithick point of a hyperbolic manifold, where A is a 
given positive number, was defined in 1.3. 

Proposition 3.1. Let M be a closed, orientable hyperbolic 3-manifold. For every point 
P E M there is a unique number 9^ > such that P is X-doubly thin for every X > '71 and 
is X-semithick for every X with < A < DT. 

Proof. Let S C 7ri(Af, P) x 7ri(M, P) denote the set of all non-commuting pairs of elements 
of 7ri(M, P). Since M is closed, vri (M,P) is non-abelian and hence S ^ ^. For each 
g G 7ri(M, P), there is a unique loop Ug of minimal length among all representatives of the 
based homotopy class g. The set C = {length : g G ni{M,P)} is discrete, and hence the 
set £' = {max(lengthag, length a/^) : {g, h) E S} G C has a least element DT. We have > 
because non-commuting elements of tti (M, P) must be non-trivial. It is immediate from the 
definitions that P is A-doubly thin for every A > and is A-semithick for every A < with 
< A < 9^. Uniqueness is obvious. □ 

Notation 3.2. If M is a closed, orientable hyperbolic 3-manifold, then for every point 
P E M we shall denote by D^TmIP) the number D^t given by Proposition 3.1. Thus OTm is a 
positive-valued function defined on M. 
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Proposition 3.3. If M is a closed, orientable hyperbolic 3-manifold, the function is 
2-Lipschitz; that is, 

|DaM(p)-^A/(g)l <2dist(p,g) 

for all P,Q ^ M. In particular, is continuous. 

Proof. By symmetry it is enough to show that ''Hm^Q) — ^m{P) < 2 distj\/(P, Q) for all 
points P,Q E M. Set d = distM{P,Q) and A = D'T(P). Then P is A-doubly thin, so that 
there are loops a and (3 based at P, both of length < A, and representing non-commuting 
elements of 7ri(M, P). Let ( he a. path of length d from Q to P. Then (-ka-k^ and (-k f3 -k^ 
have length < X + 2d and representing non-commuting elements of vri(M, Q). It follows that 
Q is (A + 2rf)-doubly thin, i.e. that 0Tm(<5) < X + 2d = DTm(P) + 2 distM(P, Q)- □ 

3.4. If M is a closed, orientable hyperbolic 3-manifold, we may write M = H^/F where 
r < Isom+(]H[^) is discrete and torsion- free. Since M is closed, F is purely loxodromic. 
Hence each non-trivial element 7 of F lies in a unique maximal cyclic subgroup, which is 
the centralizer of 7. In particular, non-trivial elements which lie in distinct maximal cyclic 
subgroups do not commute. 

We shall denote by C(F) = C{M) the set of all maximal cyclic subgroups of F. If A is a 
positive number, we denote by Cx(T) = Cx{M) the subset consisting of all C G C(F) such 
that a generator of C has translation length < A. It follows from 2.5 that Z\{C) is a cylinder 
of radius ndX) if C G Ca(F) and is empty if C g C(F) - Ca(F). 

The discreteness of the group F implies that the family {Zx{'y))i^'y£r is locally finite. Since 
for each C G Cx(T) we have Zx{C) = ^a(7) for some 7 G C — {!}, the family {Zx{C))c£Cx{r) 
is also locally finite. 

Proposition 3.5. Let M = H^/F be a closed, orientable hyperbolic 3-manifold, let P be a 
point of M, and let P be a point of q^^{P), and let X be a positive number. Then P is a 
X-doubly thin point of M if and only if P belongs to the set 

V = U Zx{C)nZx{c'). 
C,C'eCxiT) 
C 

Proof. We use the point P to identify 7ri(M, P) with F as in 2.6. If P G X', there exist 
C, C" G Ca(F), with C 7^ C", such that P lies in both ZxiC) and ZxiC'). Hence for some 
X G C - {1} and x' G C" - {1} we have dist(x ■ P, P) < A and dist(x' ■ P, P) < A. Thus 
X, x' G vri(M, P) are represented by loops of length < A. Since C and C are distinct maximal 
cyclic subgroups of F, the elements x and x' do not commute. By definition it follows that 
P is A-doubly thin. 

Conversely, suppose that P is A-doubly thin, so that there are non-commuting elements 
X, x' G vri(M, P) represented by loops of length < A. If we regard x and x' as elements of F, 
they lie in distinct maximal cyclic subgroups C, C G Ca(F). We have dist(x ■ P, P) < X and 
dist(x' ■P,P) < A, so that P hes in both Zx{C) and Zx{C') and hence P eV. □ 



FOUR-FREE GROUPS AND HYPERBOLIC GEOMETRY 



10 



3.6. As in [11], we define a Margulis number for a closed, orientable hyperbolic 3-manifold 
M to be a positive number fi such that for any two distinct subgroups C, C" G C^(r) we 
have Zfj_{C) fl Zfj_{C') =0. If /i is a Margulis number for M, the components of Mthm{fi) are 
tubes. In particular, Mthick(At) is connected and non-empty. 

Proposition 3.7. Let M be a closed, orientable hyperbolic 3-manifold, and let fi be a positive 
number. Then the following conditions are equivalent: 

(1) fl > is a Margulis number for M; 

(2) M has no ^-doubly thin points; 

(3) fl is a lower bound for the function 91m- 

Proof. The equivalence of (1) and (2) follows from Proposition 3.1 and the definition of DTm- 
The equivalence of (2) and (3) follows from Proposition 3.5. □ 

3.8. Let M be a closed, orientable hyperbolic 3-manifold. For every point P of M, we shall 
denote by ip the smallest length of any homotopically non-trivial loop in M based at P. 
The subgroup of ni{M, P) generated by all homotopy classes that contain loops of length ^p 
will be denoted Cp. 

We shall denote by &m the set of all points P E M such that Cp is cyclic. If P G &m, then 
there is a unique maximal cyclic subgroup containing Cp; we shall denote this subgroup by 
Cp. 

We shall define real- valued functions Dm and Sm with domain (&m as follows. For any 
P G ©A/ we define Dm{P) to be the minimal length of a loop based at P which represents 
a generator of Cp. (Note that Dm{P) is not necessarily equal to ip, since the shortest 
homotopically non-trivial loop based at P may represent a proper power of a generator of 
Cp.) 

For any P G (5m we define Sm{P) to be the smallest length of any loop in M based at 
P which does not represent an element of the cyclic group Cp. In particular we have 

5m{P) > ip. 

Proposition 3.9. Let P be a point of a closed hyperbolic 3-manifold M, and set Dl = D1a-/(-P) ■ 
Then either 

(i) P is a '^-thick point of M, or 
(zi) P e&M and 5m{P) = ^■ 

Proof. Suppose that P is not a 91-thick point of M. Then by definition there is a homo- 
topically non-trivial loop of length < based at P. In particular, if a is the shortest 
homotopically non-trivial loop based at P, we have ip = length a < Dl. If P did not lie in 
<Sm, there would be two loops based at P having length ip and representing non-commuting 
elements of 7ri(M, P). Hence P would be a A-doubly thin point of M for every A > ip. This 
is impossible because ip = lengtha < = DTm(-P)- Hence P G (Sm- 
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Now by the definition of Sm{P), tliere is a loop P of length Sm{P) based at P such that [/?] ^ 
Cp. It follows that [a] and [P] do not commute. Since length a = ip < Sm{P) = length /3, 
the point P is SA/(-P)-doubly thin and hence 5m{P) > ^• 

To prove the reverse inequality, note that since 91 = 91a/ the point P is Dl-doubly 
thin. Hence there are loops (3 and based at P having length < and representing non- 
commuting elements of 7ri(M, P). In particular and [/?'] cannot both lie in Cp. After 
re-labeling if necessary we may assume that [j3] ^ Cp, and hence that length /3 > Sjv/(P). In 
particular it follows that Dl > Sa/(P). □ 

4. Structure of 4-free groups 

The results of this section are analogous to those of [13, Section 4], but are deeper because 
they require the recent group-theoretical results established in [16]. 

4.1. We will follow the conventions of [19] regarding simplicial complexes and their associated 
topological spaces. By a simplicial complex we shall mean a set V, whose elements are called 
vertices, together with a collection S of non-empty finite subsets of V, called simplices, such 
that every singleton subset of is a simplex and every non-empty subset of a simplex is 
a simplex. For g > 0, a simplex consisting of g + 1 vertices will be called a g-simplex and 
will be said to have dimension q. The dimension of a simplicial complex is defined to be the 
supremum of the dimensions of its simplices. 

We emphasize that we do not assume simplicial complexes to be locally finite, and indeed 
in the main application, in Section 5, the complexes that arise are locally infinite. 

The g-dimensional skeleton of a simplicial complex K is the subcomplex K'^ consisting of all 
p-simplices of K for p < q. (In particular, is the empty complex.) 

The space \K\ of a simplicial complex K is given the coherent (i.e. weak) topology (see [19, 
3.1.14]). If L is a subcomplex of K then \L\ is naturally identified with a subspace of \K\. 
For each g-simplex s of K, the space as a subspace of \K\, is called a closed simplex and 
is homeomorphic to the standard simplex in M'^"'"^. In the coherent topology a subset of l-f^l 
is closed (or open) if and only if its intersection with |s| is closed (or open) for every simplex 
s of K. 

If s is a simplex in a simplicial complex K then the set of all proper faces of s is a subcomplex 
denoted by s. For each simplex s of K, the subspace |s| — \s\ of \K\ will be called an open 
simplex in \K\. If t is a face of s then the open simplex \t\ — \t\ will be said to be a face of 
the open simplex |s| — 

We shall say that a subset X of |i^| is saturated if X is a union of open simplices. A saturated 
subset will always be understood to be endowed with the subpace topology as a subset of \K\. 
Note that if X is saturated in \K\ then the connected components of X are also saturated. 

If w is a vertex of a simplicial complex K, we will use the notation sti^ (f ) to denote the open 
star of V in \K\ (see [19, 3.1.22]). The link of f is a subcomplex L„ of K, and we will use 
the notation Ikxiv) to denote the closed set \Ly \ C \K\. 
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The first barycentric subdivision of a simplicial complex K will be denoted K' , and we shall 
identify the spaces \K\ and \K'\. 

We define a graph to be a simplicial complex of dimension at most 1. (Thus a graph has no 
loops or multiple edges.) 

4.2. We recall some definitions from [13]. 

A group r will be said to have local rank < k, where is a positive integer, if every finitely 
generated subgroup of F is contained in a subgroup of rank < k. The local rank is the 
smallest integer k with this property, and is defined to be oo if no such integer exists. Note 
that for a finitely generated group, the local rank is equal to the rank. 

Let r be a group. By a T -labeled complex we shall mean an ordered pair {K, (C^)^,), where 
is a simplicial complex and (C^)„ is a family of infinite cyclic subgroups of F indexed by 
the vertices of K. If {K, (C„)„) is a F-labeled complex then for any saturated subset W of 
\K\ we shall denote by Q(W) the subgroup of F generated by all the groups C^, where v 
ranges over the vertices of open simplices contained in W. 

The following simple group-theoretic lemma is needed for the next two results. The notion 
of a k-fiee group was defined in 1.1. 

Lemma 4.3. Suppose that T is a k-free group for a given integer k > 0, that R < T is 
a subgroup of rank < k, that C is a cyclic subgroup of F, and that the rank of {R U C) is 
strictly greater than that of R. Then C is infinite cyclic, and {R U C) is the free product of 
the subgroups R and C . 

Proof. Let r < k denote the rank of R. Since F is fc-free, i? is a free group and has a basis 
{xi, . . . ,Xr}- If t denotes a generator of C then {R U C) is generated by xi, . . . , x^, t. In 
particular its rank is at most r + 1. Since by hypothesis (R U C) has rank > r, its rank is 
exactly r + 1. Since r + 1 < k, the group {R U C) is free, and hence the set {xi, . . . ,Xr,t} is 
a basis (see 2.1). The conclusions follow. □ 

Proposition 4.4. Let k and r be integers with k > r > 2 and k > 4, Let T be a k-free 
group, and let {K, (C^)^,) be a T-labeled complex. Let W be a connected, saturated subset of 
\K\ such that 0(o") has rank exactly r for every open simplex a <Z W . Suppose in addition 
that either 

(i) there is an integer n > 2 such that every open simplex contained in W has dimension 

n or n — 1, or 
(a) r = 2. 

Then Q{W) has local rank at most r. 

Proof. We must show that if ii^ is a finitely generated subgroup of Q{W), then E is contained 
in some finitely generated subgroup of Q{W) whose rank is at most r. It follows from the 
definition of Q(W) that E < Q(Wo) for some saturated subset Wq C W which is a union 
of finitely many open simplices. Since W is connected, there is a connected (non-empty) 
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saturated set V D Wq which is also a union of finitely many open simplices. We shall 
prove the proposition by showing that under either of the hypotheses (i) or (ii), the finitely 
generated group Q{V) > E has rank at most r. 

By connectedness we may list the open simplices contained in V as (Jq, . . . , 0"^, where m > 0, 
and for each index j with < j < m there is an index / with < I < j such that either ai 
is a proper face of aj, or aj is a proper face of ai. We set V^- = Uo U • ■ ■ U dj for each j with 
< j < m. We shall show by induction on j, for j = 0, . . . , m, that Q{Vj) has rank at most 
r. 

By hypothesis, 6(o"j) has rank r for < j < m. In particular, Q{Vo) = Q{<Tq) has rank r; 
this is the base case of the induction. Now suppose that < j < m and that G(Vj_i) has 
rank at most r. According to the rule for ordering the open simplices contained in V, we 
may fix an index / with < I < j such that either ai is a proper face of aj, or aj is a proper 
face of CT/. If aj is a face of ai, then 6(V,) = 6(V,_i), and the induction step is trivial. 

Now suppose that ai is a proper face of aj. Set P = 9(V,_i), Q = Q{crj), and R = 6(0";). 
Then R < P Ci Q and 6(V^) = {P U Q). Then P has rank at most r, while Q and R have 
rank exactly r. We are required to show that (P U Q) has rank at most r. 

First consider the case in which hypothesis (i) holds. Then since ai is a proper face of aj, 
we must have dim aj = n and dim ai = n — 1. Let v denote the vertex of aj which is not a 
vertex of ai, and set C = C„. Then C is an infinite cyclic group, and Q = {RU C). Hence 

(Pug) = (puc). 

We need to show that (P U C) has rank at most r. Assume to the contrary that its rank is 
> r. Since F is /c-free, with k > r, and P has rank at most r, it then follows from Lemma 
4.3 that (PUC) is the free product of the subgroups P and C. In particular, since P < P, it 
follows that Q = (RUC) is the free product of the subgroups R and C. But this is impossible 
since Q and R have rank exactly r (and are free since r < k), whereas C is infinite cyclic. 
This completes the induction step in this case. 

We now turn to the case in which hypothesis (ii) holds. In this case, Q and R have rank 
2, while P has rank at most 2 and contains R. Since a group of rank < 1 cannot have a 
subgroup of rank 2, the rank of P must be equal to 2 as well. Since P and Q are of rank 2, 
the group (P U Q) certainly has rank at most 4, and since 4 < k it follows that (P U Q) is 
free. Since P and Q are rank-2 subgroups of a free group, it follows from the main theorem 
of [8] that PnQ has rank at most 2. But P fl Q contains the rank-2 subgroup R, and hence 
cannot have rank < 1. Thus P (1 Q has rank exactly 2. 

We now appeal to the main result of [16], which asserts that if P and Q are rank-2 subgroups 
of a free group and P (1 Q has rank 2, then (P U Q) also has rank 2. This completes the 
induction in this case. □ 

Proposition 4.5. Let k > r > 1 be integers. Let A be a k-free group, and suppose that A 
has a normal subgroup of local rank r. Then A has local rank at most r. 



FOUR-FREE GROUPS AND HYPERBOLIC GEOMETRY 



14 



Proof. We must show that if is a finitely generated subgroup of A, then E is contained 
in some finitely generated subgroup of A whose rank is at most r. Let {xi, . . . ,Xm} be 
a finite generating set for E. Let be a normal subgroup of A whose local rank is r. 
Since r > 1, we may select a non-trivial element t of A^. The finitely generated subgroup 
{t, xitx{^, . . . , Xmtx^) of is contained in some subgroup Hq of N whose rank is at most 
r. For j = 1, . . . , m we denote by Hj the subgroup {Hq U {xi, . . . , Xj}) of A. We shall show 
by induction on j = 0, . . . , m that Hj has rank at most r. Since E < Hm, this implies the 
conclusion. 

The base case is clear because Hq was chosen to have rank < r. Assume for a given j, with 
< j < m, that Hj has rank < r. If the rank of Hj^i = (Hj U {xj+i}) is > r, then it follows 
from Lemma 4.3 that -ffj+i is the free product of the subgroups Hj and (xj+i), and that 
Xj^i has infinite order. But Hq < Hj contains the elements t and t' = Xj^iixJ^^. It follows 
that t' is an element of a factor in the free product Hj * (xj+i) which can also be written 
in a normal form of length 3 in the free product. This contradicts the uniqueness of normal 
form. Hence must have rank at most r. □ 

5. Existence of log 7-semithick points 

The goal of this section is to prove Theorem 1.4, which was stated in the introduction. 

5.1. In this section we will use methods involving nerves of coverings that were first intro- 
duced in [13]. Recall that if W = {Ui)i^i is an indexed covering of a topological space by 
non-empty open subsets, the nerve of lA is an abstract simplicial complex whose vertices are 
in bijective correspondence with the elements of the index set /. If we denote by Vi the vertex 
corresponding to the index i, then a fc-simplex of the nerve is a collection {wjp, . . . of 
k + 1 vertices such that [/jq fl ■ ■ ■ fl f/j^. ^ 0. 

5.2. Let r be a group and let (/T, (C„)„) be a F-labeled complex. By a labeling- compatible 
action of T on {K, (C„)„) we shall mean a simplicial action of T on K such that for each 
vertex v of K we have C^.y = 'jCy'j~^. (This concept was first introduced explicitly in [5], 
where the term "natural action" was used. We are afraid this term may be confusing.) 

5.3. It follows from the definition of a labeling-compatible action of a group F on a F- 
labeled complex K that for every saturated subset A of \K\, and every element 7 of F, we 
have 6(7 ■ A) = -fe{A)-f-\ 

In particular, if a saturated subset A of is invariant under an element 7 of F, then 0(^4) 
is normalized by 7. In other words, the stabilizer in F of any saturated subset A of \K\ is 
contained in the normalizer of Q{A). 

5.4. Let F be a discrete, purely loxodromic subgroup of Isom_|_(]HI^), and let A > be a 
number such that the indexed family of cylinders Z = {Zx{C))c£Cx{t) covers M^. Let K 
denote the nerve of the covering Z. According to the definition of the nerve, the vertices 
of K are in bijective correspondence with elements of Ca(F). If denotes the element of 
Ca(F) corresponding to a vertex v, then C„ is by definition a maximal, and hence infinite, 
cyclic subgroup of F. Thus {K, (C„)„) is a F-labeled complex. 
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Proposition 5.5. Suppose that T is a discrete, torsion-free subgroup 0/ Isom_|_(H^), and 
that \ > is a number such that the indexed family of sets Z = {Zx{C))c£Cx(X) covers 
M.^. Let {K, {Cy)y) be the T-labeled complex defined as in 5.4- Then {K, {Cy)^) admits a 
labeling- compatible T-action. 

Proof. For any vertex w of we have G CxiV), and hence 7(7^,7"^ G C\{T) for every 
7 G r. We may therefore define an action of F on the set of vertices of K by C^.„ = 76*^,7^^. 
If Wo, . . . , I'm are the vertices of an m-simplex of i^, then for every 7 G F we have 

0<i<m 0<j<m Q<i<in 

SO that 7 ■ wq, . . . , 7 ■ fm are the vertices of an m-simpIex of K. Thus the action of F on the 
vertex set extends to a simplicial action on K. It is immediate from the definitions that this 
is a labeling-compatible action on (i^, {Cy)^). □ 

Lemma 5.6. For any simplical complex K, the inclusion \K^\ — \K^\ \K\ — \K^\ induces 
isomorphisms on ttq and tti . 

Proof. The space \K\ — \K^\ is the direct limit of the system of subspaces \L\ — \K^\, where L 
ranges over all subcomplexes of K such that (1) \K'^\ C \L\ and (2) \L\ — \K^\ contains only 
finitely many open simplices. Hence it suffices to show that for any subcomplex satisfying 
(1) and (2), the inclusion \L\ — \K^\ — »■ \K\ — \K^\ induces isomorphisms on ttq and tti. By 
induction on the number of simplices in \L\ — \K^\ , this reduces to showing that if L and 
Li are subcomplexes of K satisfying (1) and (2), and \Li\ = \L\ U a for some open simplex 
a, then the inclusion \L\ — \K^\ \Li \ — \K^\ induces isomorphisms on ttq and tti. If d > 3 
denotes the dimension of a, then B = a is a closed topological (i-ball, and the vertex set 
\^ of cr is a finite subset of the {d — l)-sphere dD. Since d — 1 > 2, the set (dB) — \^ is 
connected and simply connected. The set S — ^ is contractible. Since \Li\ = \L\ U {B — V) 
and \L\ r\{B — V) = {dB) — V, the inclusion \L\ — \K^\ — \Li\ — \K^\ induces isomorphisms 
on ttq and vri as required. □ 

Lemma 5.7. Let H be a topological space which has the homotopy type of a CW- complex. 
LetU = {Ui)i^j be a covering of H by contractible open sets. Suppose that 

(I) for every finite non-empty subset {wj^, . . . ,Vif,} of I, the set Ui^ fl ■ ■ ■ fl Ui^. G H is 

either empty or contractible; and 
(II) for every point P & H there exist distinct indices i,jEl such that P E UiClUj. 

Let K denote the nerve ofU. Then the space \K\ — \K^\ is homotopy- equivalent to H . 

Proof. According to Borsuk's Nerve Theorem (see for example [6, Theorem 6 and Remark 
7]), Property (I) of the covering implies that the space \K\ is homotopy-equivalent to H. 
We shall complete the proof by showing that the inclusion l-R'l — \K^\ \K\ is a homotopy 
equivalence. 
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If G / is any index, let us denote by Jk the set of all indices i & I such that i ^ k but 
Ui nUk 0. Condition (II) implies that the indexed family = {Ui fl Ukjk^j^ is an open 
covering of the set f/^, to which we assign the subspace topology. 

It follows from the definitions that the nerve of Vk is simplicially isomorphic to the link of 
the vertex Vk in the nerve K of U. (Although this observation is purely formal, it depends 
on defining the nerve via the index set Jk as in 5.1. Different indices in Jk may define the 
same set in Vk even if they define different sets in Z//.) 

Since U satisfies condition (I), it is clear that (I) remains true when we replace U hy Vk- 
Hence by Borsuk's Nerve Theorem, the nerve of the covering Vk is homotopy-equivalent to 
Uki i.e. it is contractible. This shows that the link in K of every vertex of K is contractible. 

To show that the inclusion \K\ — \K^\ — > \K\ is a homotopy equivalence, we first note that 
since \K\ has the weak topology, we may regard \K\ as the topological direct limit of the 
subspaces Xp = {\K\ — \K^\) U F, where F ranges over the finite subsets of \K^\- Hence it 
suffices to prove that l-f^l — |A''^| Xp is a homotopy equivalence for every finite F C \K^\. 
By induction on the cardinality of F, this reduces to showing that if F C \K^\ is finite, if 
V G \K^\ — F, and if we set F' = F U {v}, then the inclusion Xp —>■ Xp' is a homotopy 
equivalence. 

We recall from 4.1 that K' denotes the first barycentric subdivision of K. For general 
reasons, Xpi — stK'{v) is a deformation retract of Xp. On the other hand, Xpi — stx'iv) is 
a deformation retract of Xp', because \kx'{v) is homeomorphic to \kx{v) and is therefore 
contractible. □ 

Definitions 5.8. Let K he a. simplicial complex, and let A and B be disjoint saturated 
subsets of \K\. We shall say that A and B are adjacent if there are open simplices a G A 
and r <Z B such that either a is a face of r or r is a face of a. 

If is a simplicial complex and if Xq and Xi are disjoint, saturated subsets of \K\, we define 
a simplicial complex Q{Xq,Xi) of dimension at most 1 as follows. The vertices of Q{Xq,Xi) 
are the elements of Wo U Wi, where Wj denotes the set of connected components of Xj. A 
1-simplex is a pair {Wq, Wi}, where Wi G Wj for i = 0,1, and Wq and Wi are adjacent. For 
W G Wo U Wi, we denote by Vw the vertex of G{Xq, Xi) corresponding to W. 

Definition 5.9. Let ^ be a graph. A simplicial action of a group F on ^ will be said to 
have no inversions if for each edge e oi Q and for each element 7 of F such that 7 ■ e = e, we 
have ■ V = V ioi each endpoint of e. 

5.10. Suppose that a group F acts simplicially on a simplicial complex K, and that Xq and 
Xi are disjoint, saturated subsets of \K\, each of which is invariant under the action of F. 
Then for i = 0, 1, an arbitrary element of F maps each connected component of Xi onto 
a connected component of Xi, and so the action of F defines an action on the vertex set 
of Q{Xq, Xi). Furthermore, if Wi is a component of Xi for i = 0,1, and Wq and Wi are 
adjacent, then 7 ■ Wo and 7 ■ Wi are adjacent for every 7 G F, since the action of T on K 
is simplicial. Thus the action of F on the vertex set of Q{Xq,Xi) extends to an action on 
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Q(Xq, Xi). Note that this action has the property that the stabihzer in F of any vertex of 
Q{Xo, Xi) is the stabihzer of some component of Xq or Xi under the action of F on K. Note 
also that for i = 0,1, the set of vertices of Q{Xq,Xi) corresponding to components of X^ is 
F-invariant. In particular, F acts without inversions on Q{Xo,Xi). 

Definition 5.11. Let X and Y be topological spaces. We define a homotopy-retraction from 
X to y to be a map r : X —y Y which admits a right homotopy inverse. We shall say that 
y is a homotopy-retract of X if there exists a homotopy retraction from X to Y. 

Lemma 5.12. Suppose that K is a simplicial complex and that Xq and Xi are saturated 
subsets of \K\. Then |^(Xo,Xi)| is a homotopy-retract of the saturated subset Xq U Xi of 
\K\. 

Proof. We set Q = Q{Xq, Xi), and we use the notation of Definition 5.8. For m = 0, 1 we 
denote by Vm the set of vertices of Q corresponding to elements of Wm- 

Recall from 4.1 that the first barycentric subdivision of K is denoted by K', and that we 
identify \K'\ with \K\. For each open simplex a in K we shall denote by feo- the barycenter 
of a, which is a vertex of K'. 

For each m G {0, 1}, we let denote the set of all vertices of K' that have the form 
for some open simplex a of such that a C Xm- If b = b^- & Bm, we denote by Wb the 
component of X^ containing cr, and we set = fvyj- We claim: 

5.12.1. If m E {0, 1} and b,c E Bm are given, and if b and c are joined by an edge of K' , 
then Vb = Vc- 

To prove this we write b = b„ and c = b^-, where the open simplices a and t of K are 
contained in X^- The hypothesis that b and c are joined by an edge of K' means that one 
of the simplices a, r is a face of the other. By symmetry we may assume that r is a face 
of cr. Then r C a, and hence a and r are contained in the same component of Xm- In the 
notation introduced above this means that Wb = Wc, and 5.12.1 follows. 

Next we claim: 

5.12.2. If bo G Bq and bi G Bi are joined by an edge of K' , then and Vb^ are joined by 
an edge ofQ. 

To prove this we write bm = &o-,„ for m = 0, 1, where the open simplex am of K is contained 
in Xm- Here again we may assume by symmetry that ctq is a face of ai. Then ctq C oY, and 
hence Wb^ C Wb-^- By the definition of the graph Q = Q{Xq,Xi), the conclusion of 5.12.2 
follows. 

Now let 5* denote the set of all simplices s of K' such that s C Xq U Xi. For each s G 5", we 
let Bs denote the set of all vertices of s that lie in BqVJ Bi. Note that if a denotes the open 
simplex of K containing s, then a <Z XqU Xi and hence b^ G Eg] in particular Bg ^ ^ for 
any s E S- For each s G S* we set 

V. = {vb : b G Bs}. 
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It follows from 5.12.1 that Vs contains at most one vertex from each of the sets Bq and Bi, 
and it follows from and 5.12.2 that if V contains a vertex in Bq and a vertex in Bi, then 
these vertices are joined by an edge. Hence Vs is the vertex set of a simplex of dimension 
or 1 in ^. We denote the corresponding open simplex of \Q\ by as- Thus as is either a 
vertex or an open edge of \Q\. 

It is immediate from the definition of that if t, s G S* and if t is a face of s, then Vt C Vs. 
Hence: 

5.12.3. Ift, s G 5 and if t is a face of s, then at is a face of as in the simplicial complex Q. 
(In other words, either at = as, or ag is an edge and at is one of its endpoints.) 

Using 5.12.3 we may construct, recursively for k > —1, a continuous map : {K')^ fl {Xq U 
-^i) — ^ \Q\ such that r{s) is contained in (the open simplex) for every simplex s G S of 
dimension at most k. We take r„i to be the empty map, and construct r^+i as an extension 
of Tfc. If rfc has been defined, and s G S* is (fc + l)-dimensional, then every face t of s which 
belongs to S is mapped by into at, which by 5.12.3 is a face of as- This allows us to extend 
Tfcl (9s) n {Xq U Xi) to a continuous map of s fl {Xq U Xi) into which maps s into as, and 
thus to complete the recursive definition. Since Vk+i is an extension of r^, we may define a 
map r : Xq U Xi — i> \Q\ by setting r\{K')'' fl {Xq U Xi) = for each k- The construction 
gives: 

5.12.4. Each simplex s E S is mapped by r into ag- 
We now claim: 

5.12.5. For each m G {0,1} and each component W of Xm, the set r{W) is contained in 

Stg(wiy). 

To prove this, we consider any open simplex s of K' which is contained in W - Since W 
is saturated in K, the open simplex a of containing s is also contained in W - We have 
vw = bcr E Bs, so that as is contained in stg{vw)- By (5.12.4) it follows that r(s) C stgiyw), 
and 5.12.5 follows. 

Now we construct a map i : \Q\ Xq U Xi as follows. For each vertex v = vw of Q we take 
i{\v\) to be a point of W (chosen arbitrarily). If e is an edge of Q with endpoints vq and 
fl, where Vm = ^ Vm for m = 0, 1, then the components Wq and Wi of Xq and Xi are 
adjacent. In particular, one of them meets the closure of the other, and hence Wq U Wi is 
connected. Hence i{vQ) and i{vi) are joined by a path in Wq U Wi, and we may use this path 
to extend i to \e\. The construction of the map i gives: 

5.12.6. For each vertex v = vw of Q we have i{\v\) C W, and for each edge e of Q with 
endpoints and we have i{\e\) C Wq U Wi- 

From 5.12.5 and 5.12.6 we immediately deduce the following property of the composition 
r o i : \Q\ ^ \g\. 
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5.12.7. Each vertex v of \Q\ is mapped by r o i into stg(f) and each edge of \Q\ is mapped 
into the union of the open stars of its endpoints. 

From 5.12.7 we can deduce that r o i is homotopic to the identity. First we construct a 
homotopy from the vertex set |^^°^| into \Q\ such Hq'^ = r o z, Hi'^ is the inclusion, and 
1} X [0, 1]) is contained in stg{v) for every vertex v; this is possible by 5.12.7 and the 
connectedness of the open stars. Then we consider an arbitrary edge |e| of \Q\, and let Y 
denote the union of the open stars of its endpoints. According to 5.12.7 and the construction 
of H^^\ we have H^'^\(\e\) x [0, 1]) U r o i{\e\) C W. Since W is simply connected, we may 
extend H^^^\{de) x [0, 1] to a homotopy H'^ : |e| x [0, 1] — > such that Hf is the inclusion 
map from |e| to W. 

This shows that r is a homotopy retraction from Xq U Xi to Q. □ 

Lemma 5.13. Let M be a closed, orientable, aspherical 3 -manifold. Then 7ri(M) does not 
admit a simplicial action without inversions on a tree T with the property that the stabilizer 
in '/ri(M) of every vertex of T is a locally free subgroup of tii{M). 

Proof. We will prove this from the point of view used in [12]. Assume an action with the 
stated properties exists. It follows from the Bass-Serre theory (see [21, Theorem 7]) that 
7ri(M) is then isomorphic to a graph of groups in which each vertex group or edge group 
is respectively isomorphic to the stabilizer of a vertex or edge of T. If the graph of groups 
is non-trivial in the sense that the full group 7ri(M) is not a vertex group, it follows from 
[12, Proposition 2.3.1] that there is an incompressible surface F (Z M such that the image 
(defined up to conjugacy) of the inclusion vri(F) vri(M) is contained in an edge group. 
Since M is simple and closed, this image is the fundamental group of a surface of genus > 1. 
This is impossible because any edge group is contained in a vertex group, and is therefore 
locally free by our assumption. If the graph of groups is trivial, then 7ii{M) is itself locally 
free, and since M is compact, 7ri(M) is in fact free. But since M is closed, orientable 
and aspherical, we have if3(7ri(M); Z) = Z, whereas a free group has trivial homology in 
dimensions > 1. Thus this case is impossible as well. □ 

Proof of Theorem I.4. Assume that the conclusion is false, so that every point of M is doubly 
thin. Then it follows from Proposition 3.5 that 

tf= U Ziog7(C)nZiog7(c"). 
C,C"eCiog7(r) 

Thus the indexed family of sets Z = {Ziog7{C))c£Ciog7iT') is an open covering of H^, and 
Condition (II) of Lemma 5.7 holds with H = M.^ and hi = Z. Condition (I) of Lemma 5.7 
follows from the convexity of the cylinders Ziog7(C). Hence, according to Lemma 5.7, if we 
let K denote the nerve of (t/i), the space \K\ — \K^\ is homotopy-equivalent to and is 
therefore contractible. It then follows by Lemma 5.6 that the set \K^\ — {K'^l is connected 
and simply connected. 
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According to the observation in 5.4, with A = log?, we may define a F-labeled complex 
{K, {Cy)v) by taking to be the element of CA(r) corresponding to the vertex v. 

Let a be any open simplex contained in l^^"^! — \K^\, and consider the group 6(o"), in the 
notation of 4.2. Since a has dimension at most 3, the rank of Q{(t) is at most 4. 

Suppose that 0(cr) has rank 4. Then a must be 3-dimensional. Let vq, . . . ,V3 denote the 
vertices of a, and for z = 0, . . . , 3 set Cj = Cy. and Zi = Ziogji^Ci). Choose a generator Xi 
of each Cj. The definition of the nerve implies that the intersection Zq H Zi (1 Z2 Ci Z^ is 
non-empty. We choose a point z in this intersection. 

For i = 0, . . . , 3, since 2 G Zj = ^iog7(Ci), there exists an integer mj 7^ such that 
(5.13.1) dist(z,a;r" ■ < log? for z = 0, . . . , 4. 

Since 0(cr) is assumed to have rank 4, and since F = 7ri(M) is 4-free by hypothesis, Q{a) is 
freely generated by xq, . . . , 2:3. Hence , . . . , x^^ also freely generate a rank-4 free group. 
But it follows from ([5, Theorem 6.1], together with the main result of [1] or [9]), that if 
Ci) • • • ! ^fc ^ Isom+(]HI^) freely generate a discrete subgroup of Isom_|_(EI'^), then for any 2 G EI'^ 
we have 

max dist(2;, ■ z) > log(2A; — 1). 

Taking k = 4 and = x^i^ , we obtain a contradiction. This shows that 0(cr) has rank at 
most 3 for any open simplex a C |A''^| — \K^\. 

On the other hand, for any open simplex a C |/'^^| — \K^\, there are at least two distinct 
vertices, say vc and vc, in a. Here C and C are by definition distinct maximal cyclic 
subgroups of F, and hence Q{(j), which contains C and C, is non-abelian. This shows that 
G(cr) must have rank at least 2. 

Thus for any open simplex a C \K^\ — \K^\, the group 0(a) has rank 2 or 3. We may 
therefore write \K^\ — \K^\ disjoint union 

IK^I - |K°| = X2UX3, 

where X^. is the union of all open simplices a C \K^\ for which 0(0") has rank k. 

We claim: 

5.13.1. For any m G {2,3} and for any component W of X^, the local rank of Q{W) is at 
most m. 

This is an application of Proposition 4.4. In the case m = 2, hypothesis (ii) of Proposition 
4.4 clearly holds, and hence 0(Vr) has local rank at most 2. If m = 3 then Q{a) has rank 3 
for every open simplex a C W. li d = dim a then 0(cr) is generated by 0? + 1 cyclic groups, 
and hence d>2. But d < 3 since a C X3 C \K^\ — {K'^l- Hence in this case, hypothesis (i) 
of Proposition 4.4 holds with n = 3, and hence Q{W) has local rank at most 3. 

We next claim: 
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5.13.2. If W is a component of X2 or X^, the normalizer of Q(W) in T has local rank at 
most 3. 

To prove 5.13.2, we let r denote the local rank of Q{W). By 5.13.1 we have r < 3. If r < 1 
then Q{W) is locally cyclic, and is therefore cyclic since F is a discrete subgroup of Isom(H[^). 
But this is impossible because 6(cr) < Q[W) has rank 2 or 3 for every open simplex a C W. 
It follows that r is 2 or 3. 

Now if A denotes the normalizer of Q{W) in F, then A is 4-free and has the normal subgroup 
Q{W) of local rank r. Since r is 2 or 3, it follows from Proposition 4.5 that A has local rank 
at most r. This establishes 5.13.2. 

Let us now set T = Q{X2,X2,) (with the notation of 5.8). According to Lemma 5.12, T is a 
homotopy-retract of X2 U X3 = | \ — | \. As we have seen that | \ — \ \ is connected 
and simply connected, T is a tree. 

According to Proposition 5.5, F admits a labeling-compatible action on K. It follows from 
5.3 that for any 7 G F and for any simplex a of K, the groups and 9(7-(t) are conjugate 
in F and hence have the same rank. It follows that each of the saturated sets X2 and X3 is 
invariant under the action of F. 

Hence, according to 5.10, there is an induced action, without inversions, of F on T; and under 
this induced action, if v is any vertex of T, the stabilizer F^ of w in F is the stabilizer of some 
component W of X2 or X3 under the action of F on \K\. Hence by 5.3, F^ is contained in 
the normalizer of Q{W). By 5.13.1, this normalizer has local rank at most 3. In particular, 
F„ has local rank at most 3, and since F is in particular 3-free it follows that F^ is locally 
free. 

Thus we have constructed a simplicial action, without inversions, of F = 7ri(M) on the tree 
T with the property that the stabilizer in F of every vertex of T is a locally free subgroup 
of F. This contradicts Lemma 5.13. □ 

Theorem 1.4 will be used in the sequel via the following corollary. 

Corollary 5.14. Suppose that M is a closed, orientable hyperbolic 3-manifold such that 
7ri(M) is 4-free. Then either 

(i) M contains an embedded hyperbolic ball of radius (log7)/2, or 
(a) there is a point P G with Sj\/(P) = log? (see 3.8). 

Proof. According to Theorem 1.4 there is a log 7-semithick point Pq G M. By Proposition 
3.1 and the definition of DTm in 3.2, we have D^TmI-Po) > log 7. If it happens that the function 
OIm(-P) takes values > log? everywhere in M, then by Proposition 3.7, the number log? is 
a Margulis number for M. According to the discussion in 3.6, M then contains a log7-thick 
point, and hence Conclusion (i) of the corollary holds. Now suppose that '\Rm{P) takes a 
value < log? somewhere in M. Since D^jvf is continuous according to Proposition 3.3, it 
follows that there is a point P G M such that DTm(-P) = log?. According to Proposition 3.9, 
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either P is a log 7-thick point of M, in which case Conclusion (i) of the corollary holds; or 
P G (Sa/ and Sm(P) = log?, which gives Conclusion (ii) of the corollary. □ 

6. Caps 

The term "cap" refers to the intersection of a closed ball with a half-space whose interior 
does not contain the center of the ball. We begin by introducing some notation for describing 
caps. 

6.1. Let zq be a point of H^. For each positive real number R we shall denote by S{R, zq) 
the sphere of radius R centered at zq. Thus S{R, zq) is the boundary of the closed ball 
N{zo, R)=N{zo, R) of radius R about zq. For each point ( G S{R, zq) we shall denote by r/^ 
the ray originating at Zq and passing through (. We shall endow S{R, zq) with the spherical 
metric in which the distance between two points (, (' G S{R, Zq) is the angle between 77^ and 

For each point ( G S{R,zo) and each number w > we shall denote by Il{zo,(yf^) the 
plane which meets r/^ perpendicularly at a distance w from zq, and by H{zq, (, w) the closed 
half-space which is bounded by Il{zo, (, w) and has unbounded intersection with 77^. We set 

K{R, zo, C, w) = N{zo, R) n H{zo, C, w). 

Thus K{R, Zq, (, w) is a cap in the closed ball of radius R cut out by a plane at distance w 
from the center. Note that K{R, zq, (,w) = ^ when w > R. 

The following result was discussed in the Introduction. 

Proposition 6.2. Let M be a closed, orientable hyperbolic S-manifold, write M = H^/F 
where F < Isom+(E[^) is discrete and torsion-free, and set q = qr- Let X be a positive 
number, and suppose that P is a point of with Sm{P) > A. Let P be a point of q^^{P), 
let j : vri(M, P) — F denote the isomorphism determined by the base point P G H'^ (see 2.6), 
and let x denote a generator of j{Cp). For each integer n 7^ 0, set dn = dist(P, x" • P)/2, 
and let (n denote the point of intersection of S{X/2,P) with the ray originating at P and 
passing through x" ■ P. Then 

vol(7V(P,A/2)) = P(A/2)-vol( (J K{X/2,PXn,dn)). 

Proof. For each 7 G F — {1} let C7 G 5'(A/2, P) denote the intersection of S{X/2, P) with the 
ray starting at P which contains 7P, and let = dist(P, 7P)/2. Let V denote the Dirichlet 
domain for F centered at the point P. Then, by definition, we have 

V= f] H{PX„d,). 
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Since Sm{P) > A we have > A/2 unless 7 = for some n G Z. Thus 

(int P) n ]V(P, A/2) =iV(P, A/2)- (J K{X/2, PXy), d,)) 

= N{P,\/2)- U i^(A/2,P,C„,c?0). 

The set (infD) fl N{P, A/2) has the same volume as (intP) fl N[P, A/2), which in turn is 
isometric to an open subset of full measure in N{P, A/2). Thus the result follows. □ 

6.3. Now let zq be a point of H^, and let w and R be real numbers with < w < R. We 

may regard K{R, zq, (, w) fl S{R, zq) as a metric ball about ( in S{R, zq), with respect to the 

spherical metric. The radius G of this metric ball is the angle formed at zo between 77^ and 

a segment joining zq to any point of the boundary of the topological disk K{R, zoX,u]) fl 

S{R, Zq). We have < < 7r/2. Note that 6 is an angle in a hyperbolic right triangle with 

hypotenuse R, in which the other side adjoining the angle has length w. Hence 

tanh w 

cos B = — - 

tanh it 

It follows that 6 = Q{w,R), where Q{w,R) is the real-valued function with domain 

{{w,R) -.Okw <R} CR^ 

defined by 

eKP) = arccos(|;;|^), 

which takes values in (0, vr/2). 

6.4. Let Zq be a point in H^, let i? > be a real number, let ( and (' be points of S{R, Zq), 
let a denote the spherical distance from ( to and let w and w' be positive numbers less 
than R. Set K = K{R, zq, C, w) and K' = K{R, zq, C, w')- If « < R) - ©K, R) the 
spherical triangle inequality implies that K' fl S{R, zq) C K D S{R, zq). It follows easily that 
K' C K. 

6.5. We define a function k on (0, 00) x (0, 00) C by defining k,{R, w) to be the volume 
of K[R, zoXj'w)^ where zo and ( are points in M.^ separated by a distance R. Note that if 
we fix any R> 0, the function k{R, ■) is monotone decreasing (in the weak sense) on (0, 00), 
and takes the value when w > R. 

Next we define functions l and a which give, respectively, the volume of the intersection and 
the union of two caps. More precisely, we set 

l{R, w, w', a) = vol{K{R, zq, w) fl K{R, zq, w')); 

a{R, w, w', a) = vo\{K{R, zq, (, w) U K{R, zq, w')), 

where zq is a point in M.^ and ( and (' are points in S{R, zq) separated by a spherical distance 
a. We regard l and a as real-valued functions with domain (0, 00)^ x [0, vr] C M^. Note that 
L is symmetric in the second and third variables, and that 

(6.5.1) cr{R, yj, ui', a) = n{R, w) + k{R, w') — l{R, w, w', a) 
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for any {R, w, w', a) G V. 

In the Appendix (Section 14) we will give a formula for the function k, and a numerical 
procedure for calculating l and a. These will be used in Sections 12 and 13. 

The main result of this section, Proposition 6.7, gives some monotonicity properties of the 
function k that will be needed in Section 7. The proof of Proposition 6.7 will involve the 
following technical lemma. 

Lemma 6.6. Let z be a point o/H^, let R be a positive number, and let (q, d and (2 be 
points lying on a great circle of S{R, z). Let w and w' be numbers such that < w < w' < R. 
For i = 1,2, let Oi denote the spherical distance from to Q. Suppose that < ai < 0:2 < 
and that the spherical distance from Ci to (2 is 02 — «i. Assume that 02 — ai < Q{w',R), 
where 6 is the function defined in 6.3. Set Kq = K{R, zXoyW), and Ki = K{R, zXi^w') 
for i = 1,2. Set Y = Ki (1 K2, and Xi = Ki — Y for i = 1,2. Then either Xi C Kq or 
X2 n i^o = 0- 

Proof. We set 6 = Q{w, R) and 6' = Q{w', R), where is the function defined in 6.3. Since 
< w < w' < R, we have < 9' < 9 < n/2. According to the hypothesis we have 
< ^2 - tti < 9'. 

We set B = N{R, z) and S = S{R, z). Since the points Co, Ci and C2 all lie on a great circle, 
the points z, C,q, C,i and C2 he on a plane W . For i = 0, 1, 2 the planes Ilj = 11(2;, Q, w'), are 
all perpendicular to W . We will reduce the proof of the lemma to a 2-dimensional argument 
by considering the intersections of various sets with W . 

We set ^ = B r\W , C = S r\W and, for i = 0, 1, 2, we set ki = Ki^W and Tii = Ili^ W. 
Let p -."E? ^ W denote the perpendicular projection. Then we have Ki = B r\ p~^{ki) for 
z = 0, 1, 2. We also set 77 = kir\k2, and = fcj — 77 for z = 1, 2; then we have X^ = Br\TT~^{^i) 
for z = 1, 2. 

Let us orient the circle C in such a way that for i = 1,2, the clockwise angle from (^q to (i 
is Oi. For i = 0, 1, 2 let Ai denote the arc kiCiC and let Xi denote the chord tTj fl A. Note 
that the arc Aq subtends an angle of 26* < tt while Ai subtends an angle 29' < n for i = 1,2. 
For z = 0, 1, 2 let /j and denote the endpoints of Ai, where k is the initial endpoint when 
Ai is described in the clockwise direction. 

The clockwise angle from /i to r2 is 5 = 02 — ai + 29' < 49', so the arcs Ai and A2 overlap 
in a single non-degenerate sub-arc, and Ai U A2 is an arc which subtends an angle 6. When 
the arc Ai U A2 is described in the clockwise direction, the points of T = dAi U dA2 appear 
in the order h,l2,ri,r2. 

The clockwise angle from Iq to li is = 9 + ai — 9', and we have 'y + S = 9 + a2 + 9'< 27r. 
Hence if we describe C in the clockwise direction starting at Iq, the points of TU {/q} appear 
in the order lo,li,l2,ri,r2. In particular, the set AqHT consists of the terms of an initial 
subsequence of {h, I2, ri, r2). It follows that the set (C — Aq) H T consists of the terms of a 
final subsequence of (/i, l2,ri,r2). 



FOUR-FREE GROUPS AND HYPERBOLIC GEOMETRY 



25 



Since the arcs Ai and A2 overlap, the chords Xi X2 cross in a point Q in the interior of 
A. We distinguish two cases in the proof of the lemma, depending on whether or not Q lies 
in kf). The two cases are illustrated in the figure below. 



6 




U Q & ko then each of the chords Xii X2 has at least one endpoint in Aq. In particular the set 
Aq n T, which consists of the terms of an initial subsequence of (/i, l2,ri, r2), has cardinality 
at least 2. Hence the arc Aq contains li and I2, which are the endpoints of the arc Pi = ^iflC. 
Moreover, since the arc Pi subtends an angle 02 — ai < 0' < 7r/2 while the arc Ao subtends 
an angle 26 < tt, the arc Aq cannot contain C — Pi. It therefore follows that Pi C Aq. Since 
fco is convex and since ^1 is the convex hull of Pi U {Q}, we have 

Xi = Bn p-\^i) cBn p-\kQ) = Kq, 

and the lemma is proved in this case. If Q ^ A^o then each of the chords Xi) X2 has at least 
one endpoint in C — Aq. In particular the set (C — Aq) fl T, which consists of the terms 
of a final subsequence of {hJ2,i^i,'^2), has cardinality at least 2. Hence the endpoints ri 
and r2 of the arc P2 = ^2 C are contained in C — Aq. The arc C — P2 subtends an angle 
2ti — {a2 — «i) > 27r — 6', while the arc C — Aq subtends an angle 2ti — 29 <2'k — 9. It follows 
that C — P2 cannot be contained in C — Aq, and hence that P2 is contained in C — Aq. 

Since A — /cq is convex, and since ^2 is the convex hull of P2 U {Q}, we have ^2 C A — kQ. We 
now have 

X2 = Bn iT-\^2) CBn n~\A -kQ) = B- Kq, 
and the lemma is proved in this case as well. It follows that e"^ + 1 = 0. □ 

Proposition 6.7. For any R,w > and a G [0,7r], the function a is monotone decreasing 
in its third variable and monotone increasing in its fourth variable (in the sense of 2.3). 

Proof. The first assertion is easy, because if < w[ < W2, if C and (' are points of S{R, zq) 
whose spherical distance is a, and if we set K = K{R, zq,(,'w), and K[ = K{R, zq^^w'^) 
for i = 1,2, then we have K2 C K'l and hence K2 U K G K[ U K , so that cr{R, w, w'2, a) < 
a{R, w, w'l, a). 
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To prove the second assertion we must show that cr{R,w,w' , ■) is monotone increasing on 
[0, vr] for any R, w, w' G (0, oo). We may assume that w < w', since a is obviously symmetric 
in its second and third arguments. In view of 6.5.1, it suffices to prove that l{R,w,w', ■) is 
monotone decreasing. We may assume that w' < R, since otherwise the function l{R, w, w', ■) 
is identically zero. 

We set 6 = Q{w,R) and 6' = Q{w',R), where is the function defined in 6.3. It clearly 
suffices to show that if ai and 02 satisfy < ai < Q!2 < vr and a2 — ai < 9', then 
l{R, w, w', 02) < l{R, w, w', ai). 

Let zq be a point of H^, and let ^o, Ci C2 be points of S{R, zq) such that the spherical 
distance from (q to Q is for i = 1,2, and such that Ci lies on the great circular arc of 
length «! with endpoints Co and ^2- We set Kq = K{R, zoXo:'^) and Ki = K{R, zq, (i:'^') 
for i = 1,2. Then for i = 1, 2 we have 

yo\ Ki = k{R, w') 

and 

vol(-ft'o n A'l) = l{R, w, w', ai). 

Let us also set Y = Ki fl K2, and Xi = Ki — Y ioi i = 1, 2. Then Ki is set-theoretically the 
disjoint union of Xi with Y. Hence 

l{R, w, w', ai) — l{R, w, w', = vol(_K'o fl Ki) — vol(i^o ^ -^2) 

= vo\{Ko n Xi) + vol(A'o n Y) 

- voi(A^o n X2) - Yo\{Ko n r), 

i.e. 

(6.7.1) L{R,w,w',ai) — i{R, w, w\ 02) = vo\{Ko n Xi) - vol(A'o n X2). 
On the other hand, for z = 1, 2 we have 

vol Xi = vol Ki - vol F = k{R, w') - vol Y. 

In particular, 

(6.7.2) volXi = volX2. 

Now according to Lemma 6.6, we have either Xi C Kq or X2 fl A'o = 0. If Xi C A'o, then 
from (6.7.1) and (6.7.2) we find that 

l{R, w, w', ai) — l{R, w, w', ^2) = vol(Xi) — vol(A'o fl X2) 

= vol(X2) - vol(A'o n X2) 

> 0. 

On the other hand, if X2 fl Kq = 0, then from (6.7.1) we find that 

l{R, w, w', ai) — l{R, w, w', 02) = vol(A'o fl Xi) > 0. 
Thus in both cases we have l{R, w, w', a2) < l{R, w, w', ai), as required. □ 
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7. Nearby volume 

Suppose that M is a closed orientable hyperbolic 3-manifold. The goal of this section is 
to prove a technical result, Lemma 7.6, which gives a lower bound for the volume of the 
metric neighborhood N{P,X/2) C M, where A is a positive real number, P is a point of 
such that Sm(-P) > A, and certain inequalities are satisfied. Proposition 6.2 expresses 
vol(iV(P, A/2)) in terms of the volume of a union of caps associated to certain elements of the 
cyclic group Cp. The hypotheses of Lemma 7.6 ensure that the caps associated to powers 
of a generator of Cp with exponents greater than 3 are empty, which leads to an estimate 
for vol A^(P, A/2) involving the first three powers of the generator. An additional hypothesis 
implies that the caps corresponding to the third powers are contained in the union of those 
associated to the first and second powers. This leads to an estimate for vol A^(P, A/2) which 
involves only first and second powers of generators of Cp. 

We begin by introducing some conventions that will be used for the statement and subsequent 
applications of Lemma 7.6. 

7.1. For each integer n > 1, we define a function $,„ on the domain 

{{6,D) ■.0<6<D}cR^ 

by 

^ ^, , / 1 / (cosh(n5) - l)(coshP) - cosh5)\ 

D) = arccosh cosh( nS) + ^ ^ — '-^^ . 

\ cosh + 1 / 

Lemma 7.2. For each integer n > 1 the function is increasing in each of the variables 
S and D (in the sense of 2.3). 

Proof. It is clear that $ is increasing in the variable D. To prove that it is monotone 
increasing in 6, we fix an n > 1 and a D > 0, and set A = coshD. For any 6 G (0, D) we 
have ^n{S,D) = arccosh(|/(e'^), where / is the function defined on (l,e-^) by 

(m" + -2){2A-u- u-^) 



n 



M + +2 

It therefore suffices to show that / is monotone increasing on (l,e^). 
Simplifying, we find that 

^ (2A + 2)(.- + .---2) 

■'^ ' u + u-^ + 2 

This gives 

2A + 2 
[u + u ^ + ly 

where 

g{u) = {n- 1)(m" - M-"-2) + (n + 1)(m"-2 - «"") + 2n{vJ'-^ - m"""^) + 2(1 - u'''). 

In this expression for g{u), it is clear that each term is positive when u > 1 and n > 1. 
Hence /' is positive on (1, oo). □ 
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Lemma 7.3. Let S be a positive number, and let 'y be a loxodromic isometry of whose 
translation length is at least 6. Then for any point z &M.^ and each integer n > 1, we have 

dist(2;, 7" ■ 2) > $n(^, dist(2:, 7 ■ z)). 

Proof. Let R denote the distance from z to the axis of 7 and set D = dist(2;, 7-2). If 7 has 
translation length / and twist angle 9 then R = uj{l, 9, D) (see 2.4). In particular we have 

, 9 „ cosh D — cosh / 

sinh^ R > — . 

cosh / + 1 

Now since 7" has translation length nl and twist angle n9, we have 

cosh(dist(2;, 7" ■ z)) = cosh(n/) + (cosh(n/) — cos{n9)) sinh^i? 

> cosh(n/) + (cosh(n/) — 1) sinh^ R 

, , (coshfra/) — l)(coshZ} — cosh/) 

> cosh + ^ ^-i- ^ 

^ ' cosh / + 1 

= cosh $„(/,£)) 

> cosh$„((5, D), 

where the last inequality follows from Lemma 7.2. □ 

Lemma 7.4. If n is a positive integer and if 6 and D are real numbers with < 6 < D, 
then n6 < D) < nD. 

Proof. The inequality n5 < ^n{S,D) is immediate from the definition. To prove the other 
inequality, note that since < 6 < D, there exist a loxodromic isometry 7 of M.^ with 
translation length 6, and a point 2 G H'^ such that dist(2, 7 ■ 2;) = The triangle inequality 
implies that 

(7.4.1) dist(2,7"-2) <nD. 

Since Lemma 7.3 gives $^(5, dist(2, 7 ■ z)) < dist(z,7" ■ z), it follows that 

(7.4.2) (!?n{S,D) <nD. 

□ 

7.5. If X and y are real numbers with < y < 2x, we have 

< (cothx)(cothy — cosechy) < (cothx)(coth2a: — cosech2x) = 1. 
Hence on the domain 

{{x,y) : < y < 2a;} C M^ 
we may define a function \E', with values in [0, 7r/2], by 

\E'(x, ?/) = arccos((cothx)(cothy — cosechy)). 

Since cothx is monotone decreasing for < x < 00, and cothy — cosechy is monotone 
increasing for < y < 00, the function is monotone increasing in its first argument and 
monotone decreasing in its second. 
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If an isosceles hyperbolic triangle has base y and has its other two sides equal to x, the 
triangle inequality gives y < 2x, and the hyperbolic law of cosines shows that the base 
angles are equal to \E'(x,y). 

The statement of the following lemma involves the function G which was defined in 6.3, as 
well as the functions n, and a which were defined in 6.5. 

Lemma 7.6. Let M be a closed, orientable hyperbolic S-manifold and let P be a point of 
©A/- Suppose that 6 and A are constants with < A < 45. Assume that 

• Sm{P) > A, and that 

• the conjugacy class of a generator of Cp is represented by a closed geodesic of length 
at least S. 

Set D = Dj[j{P). Then Tn = -D) is defined for every n > 1. Furthermore, {D,T2) lies 
in the domain of , and we have 

.oiN{P, ^) > B(^) - 2a(| |, |, *(D,T.)) - 2k(^, |). 

If in addition we have D < T3 < X, so that, in particular, the quantities 0(y, A) and ©(^, A) 
are defined, and if 

/ /D Ax /T3 Axx cosh D cosh T3 - cosh 2^) 
^'■'■'^ 2) - ' 2)) < sinhDsinhT3 ' 

then 

Proof. We write M = H^/F, where T < Isom+(EI^) is discrete, torsion-free and cocompact. 
Set q = qr (2.6), and choose P G q~^{P). We use the base point P G to identify 7ri(M, P) 
with r (see 2.6). In particular, Cp is identified with a subgroup of F. We fix a generator x 
of Cp. 

The hypothesis implies that x has translation length at least 6. In particular we have D > 6, 
so that Tn = $n(^; D) is defined for every n > 1. 

According to Lemma 7.4 we have T2 = $2(^,-0) < 2D. Thus {D,T2) lies in the domain of 

For each integer n 7^ we set dn = dist(P, x" ■ P). We observe that d-n = dn for each n 7^ 
and that di = D. Moreover, since x has translation length at least 6, it follows from Lemmas 
7.4 and 7.3, and the triangle inequality, that 

(7.6.2) \n\5 < %,i{5, D) < dn < \n\D 
for every integer n ^ 0, and in particular, 

(7.6.3) dn > Tn for n > 0. 
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We let (n denote the point of intersection of S{X/2,P) with the ray originating at P and 
passing through ■ P. We set 

/C„ = i^(A/2,P,C„,rf„/2) 

for each integer n ^ 0, 

S= U K{\/2,P,Cn,dj2), 

and 

Sn= U K{X/2,P,Cn,dn/2) 

0<\n\<N 

for each integer > 0. Since Sj\/(P) > A, it follows from Proposition 6.2 that 

(7.6.4) vo\{N{P, A/2)) = B{X/2) - vol 5. 

The estimates in the conclusion of the lemma will be deduced via (7.6.4) from suitable 
estimates for the volume of S. As a first step we shall estimate the volume of 1S2. Note that 

(7.6.5) 52 = T+iUT_i, 
where 

% = K{X/2, P, Ce, 4/2) U A'(A/2, P, C2., ^2/2) 

for e = ±1. 

For e = ±1 we consider the hyperbolic triangle with vertices P, • P and x^'^ ■ P. The 
sides adjacent to the vertex P have lengths di = D and ^2- The side opposite P has length 
dist(x'^ • P, ■ P) = dist(P, x'^ ■ P) = D. Let a denote the angle at the vertex P. According 
to the discussion in 7.5 we have ^2 < 2D and a = \E'(Z}, ^2). By (7.6.3) we have d2 > T2. 
Hence the monotonicity properties of \1/ pointed out in 7.5 give 

Our definitions of a and of the (n imply that a is the spherical distance between and (2e- 
In view of the definition of %, and the definition of the function a given in 6.5, it follows 
that vol(T,) = (t(A/2,P)/2, 6/2/2,0) for e = ±1. Since a < ^{D,T2), and since rfa > T2 by 
(7.6.3), it follows from Proposition 6.7 that 

vol(r,) < a(A/2, D/2, T2/2, ^{D, T2)) 

for e = ±1. But from (7.6.5) we have 

vol^a = vol(T+i U T_i) < vol(T+i) + vol(r_i), 

and hence 

(7.6.6) vol 52 < 2a(A/2,D/2,T2/2,^(D,T2)). 

We now turn to the estimation of voliS. Since by hypothesis we have 45 > A, it follows from 
(7.6.2) that dn > X for any n > 4. In view of the remarks in 6.1, it follows that 

JCn = K{X/2, P, C„, dn/2) = for any n with \n\ > 4. 
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Hence 

(7.6.7) S = S3. 
It follows from (7.6.7) that 

(7.6.8) vol{S) = vo\{S2 U /C3 U /C_3) < vol(52) + vol /C3 + vol /C_3. 

By the definition of the function k given in 6.5, and the monotonicity observed there, together 
with (7.6.3), we find that 

(7.6.9) vo1/C3 + vo1K;_3 = 2K{\/2,ds/2) < 2k(A/2, T3/2). 
Combining (7.6.8) with (7.6.9) and (7.6.6), we deduce that 

(7.6.10) vol(5) < 2(7(A/2,Z}/2,T2/2,^(Z},T2)) + 2/s:(A/2,T3/2). 
The first assertion of the lemma follows immediately from (7.6.4) and (7.6.10). 

For the proof of the second assertion we shall begin by showing that if (7.6.1) holds then 

(7.6.11) i^(A/2, P, C3., 4/2) C K{X/2, P, Ce, D/2) for e = ±1. 

If > A, then by the remarks in 6.1 we have -ft'(A/2, P, (^3^, ^3/2) = for e = ±1, so 
that (7.6.11) is true in this case. Now suppose that ^3 < A. Note that this implies that 
9(4/2, A/2) is defined. 

For e = ±1 we consider the hyperbolic triangle with vertices P, ■ P and x^'^ ■ P. The 
sides adjacent to the vertex P have lengths di = D and ^3. The side opposite P has length 
dist(x'^ ■ P, x^'^ ■ P) = dist(P, x^'^ ■ P) = d2- From the hyperbolic law of cosines it follows that 
the angle 7 at the vertex P is determined by 

cosh D cosh d-s — cosh ^2 
^ sinh D sinh ^3 

We have 4 < 2P' by (7.6.2). Thus 

^ cosh D cosh 4 — cosh 2D 
^ ~ sinh D sinh d^ 

If we set f{D, d^) equal to the right hand side of the inequality above, then 



df cosh D sinh D sinh^ d^ — cosh D sinh D cosh^ ^3 + sinh D cosh 2D cosh d^ 



dds sinh^ D sinh^ d^ 

sinh D(cosh(2i5) cosh ds — cosh D) 
sinh^ D sinh^ ^3 

Since cosh (215) cosh 4 — coshD > cosh(2Z}) — coshZ) > 0, the function / is increasing in 
4- By (7.6.3) we have d^ > T3. Hence 

cosh D cosh T3 — cosh 2D 

cos 7 > — — . 

smh D smh T3 

In view of (7.6.1) it follows that 

(7.6.12) cos(G(P)/2,A/2) -e(T3/2,A/2)) < cos 7. 



FOUR-FREE GROUPS AND HYPERBOLIC GEOMETRY 32 

It is clear from the definition given in 6.3 that G is monotone decreasing in the first variable. 
Since G takes values in (0, 7r/2), and since D < hj hypothesis, we have 

(7.6.13) 7r/2 > G(D/2, A/2) - G(T3/2, A/2) > 0. 
Since < 7 < vr, it follows from (7.6.12) and (7.6.13) that 

7<G(D/2,A/2)-G(T3/2,A/2). 

Since G is monotone decreasing in the first variable and since T3 < ^3 by (7.6.3), we deduce 
that 

(7.6.14) 7 < e{D/2, A/2) - e{ds/2, A/2). 

Our definitions of 7 and of the (n imply that 7 is the spherical distance between and (3^. It 
therefore follows from 6.4 and from (7.6.14) that K(A/2, P, Cs., 4/2) C K{\/2, P, Q, D /2). 
This shows that (7.6.11) holds in this well. 

Now it follows from (7.6.7) and (7.6.11) that, under the assumption (7.6.1), we have 

(7.6.15) S = S3 = S2. 
Combining (7.6.15) with (7.6.6), we deduce that 

(7.6.16) vo\S < a(A/2,D/2,r2/2,*(D,T2)). 

The second assertion of the lemma follows immediately from (7.6.4) and (7.6.16). □ 

8. Distant points 

The purpose of this section is to adapt some results proved in [11] to the context of the 
present paper. 



8.1. We define a set A" C W by 

1 11 
X = {(D, A) : -—^ + —— < -}. 

' ' 1 + 1 + e^ 2^ 

For each integer k > 2 we define a real-valued function on X by 



1 / k — 2 

pk{D,X) = - log 



2 ^ ^1/2 - 1/(1 + e^)- 1/(1 + e^) 
Thus for any (-D, A) G X we have 

k-2 1 1 1 



l^(.2p,{D,x) i + e^ 1 + e^ 2' 
We define a real-valued function S on [0, 00)^ by 

T,{h, Ri, R2) = arccosh(sinhi?i sinhi?2 + cosh i?i cosh i?2 cosh /;,). 

According to [14, p. 89], if zi and Z2 are points in which lie in distinct half-planes 
bounded by a line A, if Ri is the distance from Zi to A, and if h is the distance between the 
perpendicular projections of Zi and Z2 to A, then dist(2;i,22) = T,{h, Ri, R2). 
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8.2. It follows that if Zi and Z2 are points in M.^, if A is a line in H"^, if Ri is the distance 
from Zi to A, and h is the distance between the perpendicular projections of zi and Z2 to A, 
then dist(2;i, 22) < T,{h, Ri, R2). 

Lemma 8.3. Let k > 2 be an integer, let M be a closed, orientable hyperbolic 3-manifold 
such that 7ri(M) is k-free, and let fi be a Margulis number for M . Let P be a point of ^m, 
and set A = SMiP) o,nd D = Dm{P)- Then we have (-D, A) G X, and there is a point 
Q G Mthick(Ai) such that dist(P, Q) > pk{D, A). 

Proof. It follows from the definitions given in 3.8 that a generator xq of Cp is represented by 
a loop of length D, and that some element xi of F — Cp is represented by a loop of length A. 

Since xi ^ Cp, the elements xq and xi do not commute. Since F = 7ri(M) is in particular 
2-free, xq and xi are independent (in the sense of 2.1). 

Since F is fc-free, and since there are two independent elements of ni{M,P) represented by 
loops of length D and A, it follows from the case m = 2 of [11, Corollary 6.2] that there is a 
point Q G Mthick(yu) such that p = distA/ (-P, Q) satisfies 

k-2 1 1 1 

8.3.1 - + pr + r < -. 

^ ' 1 + 1 + 1 + - 2 

This implies that {D, A) G X, and that dist(P, Q) > pk{D, A). □ 

Proposition 8.4. Let k > 2 be an integer, let M be a closed, orientable hyperbolic 3-manifold 
such that 7ri(Af) is k-free, and let p be a Margulis number for M. Let P be a point of 
and set A = Sm{P) and D = Dm{P). Then we have (-D, A) G X. Furthermore, if s is a 
real number such that A/2 < s < pk{D,X), then there is a point Yg G Mthick(yLt) such that 
dist(P,n) = s. 

Note that the second assertion of Proposition 8.4 is vacuous if A/2 > pk{D, A). 

Proof of Proposition 8.4- The first assertion, that {D, A) G X, is included in Lemma 8.3. 

To prove the second assertion, we first define a continuous function A : Mthick(/^) M by 
A(F) = distA./(^, P)- Since /i is a Margulis number for M, the set Mthick(/^) is connected by 
3.6. Since A is continuous, the set J = A{y) C M is an interval. 

According to Lemma 8.3, there is a point Q G Mthick(/u) such that dist(P, Q) > pk{D, A). If 
we set d = A{Q) it follows that d > pk{D, A) and that d E J . 

Now recall from 3.8 that there is a loop 70 of length Ip < Sm{P) = A based at P; that [70] 
lies in the maximal cyclic subgroup Cp of tti{M,P); and that there is a loop 71 of length 
Sm{P) = A based at P such that [71] ^ Cp. In particular, [70] and [71] do not commute. 
Hence if we denote by q the support of •ji (i.e. q = 7i([0, 1])), and denote by K the path- 
connected set Co U Ci C M, then the inclusion homomorphism tti {K, P) — > tti (M, P) has a 
non-abelian image. Since p is a. Margulis number for M, each component of Mthin(/^) has an 
abelian fundamental group, and hence K <f_ Mx\aJ^p). 
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Let US fix a point Q' E K \^ M;hick(/^)5 and set d' = A{Q') G J. The definition of K 
imphes that Q' lies in the support of a loop of length at most A based at P, and hence that 
d' = dist (P,g') < A/2. 

Now if s is a real number such that A/2 < s < pkiD, A), then in particular we have d' < s < d. 
Since the interval J contains d and c?', it also contains s. This means that there is a point 
Ys e Mthick(At) such that s = A(F,) = dist(P, F,). □ 



9. The volume of a metric ball 

Let B{r) denote the volume of a ball of radius r in H^. We have 
(9.0.1) B{r) = 7r(sinh(2r) - 2r). 

9.1. For n > 2 and for R > we shall denote by hn{R) the distance from the barycenter to 
a vertex of the regular hyperbolic tetrahedron A{R) with sides of length 2R. It is easy to 
verify, using hyperbolic trigonometry, that 

1 7 / 7-,\ 2 sinh^ R 

tanh/;,2(it) = 



/cosh^(2i?) - cosh^P 

and 

. . \ , , / 2 sinh^ R 

(9.1.1) tanh/i3(i?) 



cosh^(2i?) -cosr h2{R) 

9.2. Let i? be any positive number. Consider an arbitrary sphere-packing in by spheres 
of radius R. Let V denote the Dirichlet domain for this packing, centered at a point z eM.^. 
The main result of Boroczky's paper [7] states that 

(9.2.1) Yo\V> B{R)/d{R), 

where ci is a function of which the definition will be reviewed below. 

Now let M be a hyperbolic 3-manifold, and suppose that F is a point in M which is the 
center of a hyperbolic ball of radius R (i.e. F is a 2i?-thick point). Let us write M = H^/F, 
where F < Isom(]HI'^) is discrete and torsion-free. Set q = qr (2.6), and let Y denote a point 
in q~^{Y). Then g"^(y) is the set of center points for a sphere-packing in by spheres of 
radius R. Applying (9.2.1) with ^ = y, we find that volM > B{R)/d{R). 

Boroczky's proof of (9.2.1) actually gives a stronger conclusion. It is shown in the proof 
that, in fact, 

(9.2.2) Yo\(V n N{z, h{R))) > B{R)/d{R). 

While (9.2.2) may not give improved estimates for the density of a sphere packing, it 
does have a very natural interpretation for a sphere-packing defined as above in terms of 
a hyperbolic 3-manifold M and a point Y G M: it is equivalent to the statement that 
YolN{Y,h3{R)) > B{R)/d{R). 
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The main result of this section, Proposition 9.7, will give a stronger lower bound for the 
volume of N{Y, h^lR)) under the stronger hypothesis that there exists a point Q ^ M which 
is sufficiently far away from Y. 

9.3. We now give the definition of Boroczky's density function d. Let 

P{r) = arcsec(sech(2r) + 2) 
denote the dihedral angle of A(r). Let 

(■arcsecS 

r(r) = 3 / arcsech((sect) — 2)dt 

denote the volume of A3(r). Then 

d{r) = (3/?(r) - 7r)(sinh(2r) - 2r)/r(r). 

9.4. Boroczky's inequality (9.2.2) applies in particular to the case of a sphere-packing in M.^ 
consisting of a single sphere of radius R centered at a point z. In this case we have V = M!^, 
so that vo\{Vn N{z,h3{R))) = vol{N{z, h^iR))) = B{hz{R)). Thus (9.2.2) becomes 

(9.4.1) 5(/i3(/2)) > B{R)/d{R), 

which therefore holds for every R > 0. 

The statement of Proposition 9.7 involves a function Vbot which we shall now define. 
Definition 9.5. Let R and p be positive real numbers such that p > h-s{R). We define 



^cosh^ p — cosh^ R ' 

h{R,p) = arcsin — — — — 

smh p cosh R 

cosh^ h3{R) — cosh^ R^ 
sinh h^lR) coshi? 

,{R,p)-MR), 



and 




VbMp) = ( ^ 1 B{h{R)) + ( l±^S^M^] B{R)/d{R). 



Remark 9.6. For any fixed R > the function (f){R, ■) is positive-valued and monotone 
increasing on (/i3(i?), oo). In view of the inequality (9.4.1), it follows that Vb6t{R, ■) is also 
monotone increasing on (/i3(i?), oo). 

Proposition 9.7. Let M be a hyperbolic S-manifold, let R be a positive number, and suppose 
that Y is a 2R-thick point in M. Suppose that there exists a point P ^ M such that 
p= dist M {Y, P) > hs{R). Then 

(9.7.1) yo\N{Y,hs{R)) > VboAR^p). 
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Proof of Proposition 9.7. We set q = qr (2.6), and we choose a point Y G q~^(Y). Since 
iy > 2i?, there is a sphere-packing in H'^ consisting of spheres of radius R centered at the 
points q~^{Y). Let P be a Dirichlet domain for the sphere centered at Y. Let B denote the 
ball of radius R centered at Y and let B' denote the ball of radius h^lR) centered at Y. If 
X is a subset of we let C {X) denote the union of all rays from Y that contain a point of 
X. 

The construction given in [7, §5], when restricted to the 3-dimensional case, begins by de- 
composing V as the union of Dq = C {V (1 dB') and Di, where Di is the union of the sets of 
the form C{F (1 B') as F runs over the closed 2-dimensional faces of V. The set Di is then 
further subdivided to obtain a decomposition of V into the union of Dq and a certain family 
of 3-dimensional convex cells. For each cell E it is shown that vo\{Br\E) / vo\{B'r\E) < d{R). 
Moreover, since Do is the cone based at Y on the subset of dB' that is contained in V, we 
have vol(SnDo)/vol(S'nDo) = voIB/yoIB' < d{R). Thus vo\{BnV)/ vo\{B' nV) < d{R); 
since B (ZV this implies Boroczky's stated result that voli3/ voW < d{R). 

We may summarize the discussion above as follows. If we set t = voIDq/ voli3', so that 
vol -Do = tB{h3{R), then Boroczky's argument implies that 

(9.7.2) volP = vol Do + vol(P - Do) > tBihiR)) + (1 - t)B{R)/d{R). 

(It is shown in [7, Lemma 12] that the vertices of V lie outside B', so the set Dq is always 
non-empty; that is, we have t > in (9.7.2). This observation does not strengthen Boroczky's 
theorem about general sphere packings, since one has no a priori information about the size 
of the set Dq. Our goal here is to quantify the improvement given by (9.7.2) in terms of 
dist(F,P).) 

In order to establish (9.7.1), it suffices to show that the quantity vol Do/ vol S', which is 
denoted t in (9.7.2), is greater than (1 — cos0)/2, where is the angle defined in the 
statement. For this, it suffices to show that Di contains C HB' where C is the convex region 
bounded by a circular cone with apex at Y, such that the angle between the axis and a 
generating line of dC is at least 0. 

Let P be a point of V such that q{P) = P. We know that V contains the ball B. Since V 
is convex, the entire convex hull H of B U {P} is contained in V. We shall show that H 
contains a conical region C of angle 0. 

Consider a line through P which is tangent to dB at a point U, and let V be the point where 
the segment [P, U] meets dB'. 

We have dist(f,P) = p, dist(f,1/) = haiR) and dist(F,f/) = R. The angle ZYUP is 
a right angle. Hence it follows easily from the hyperbolic Pythagorean Theorem and the 
hyperbolic law of sines that the measure of ZPYU is 0i and the measure of ZVYU is 02? 
where 0i and 02 are as defined in the statement. It is clear that H contains B (1 C where 
C is the convex region bounded by the circular cone with apex at Y, whose axis contains 
P and whose boundary contains V. Since = 0i — 02 is the angle between the axis and a 
generator of the boundary cone of C, the result follows. □ 




10. Margulis numbers and diameter 



Lemma 10.1. Let m be a positive integer and let H be finitely generated group which is 
m-free and has rank > m. Let S be a finite generating set for H and let Tq G S be an 
independent set. Then there exists an independent set T with Tq G T G S and \T\ = m. 

Proof. Among all independent sets T such that Tq G T G S, we choose one, say Ti, which 
is maximal with respect to inclusion. Assume, for a contradiction, that |Ti| < m. 

We are given that H has rank > m. Hence among all sets T such that Ti G T G S and (T) 
has rank > m we may choose one, say T2, which is minimal with respect to inclusion. Since 
(Ti) has rank < m, we have T2 7^ Ti. We choose an element Xq G T2 — Ti. The minimality 
of T2 implies that the group J = (T2 — {xq}) has rank < m. Since (T2) = ( J U {xo}) has 
rank > m, the rank of J must be m — 1 and T2 must have rank m. We fix a generating 
set {xi, . . . , Xm-i} for J. Then {xq, . . . , Xm-i} is a generating set for (T2). But the rank-m 
group (T2) is free since H is m-free, and so {xq, . . . , Xm-i} is a basis for (T2) (cf. 2.1). Hence 
(T2) is a free product J*(xo), where (xq) is infinite cyclic. In particular, the group (TiU{a;o}) 
is a free product (Ti) -k (xq), and hence the set Ti U {xq} is independent. This contradicts 
the maximality of Ti. □ 

Proposition 10.2. Let k and m be integers with 2 < m < k, and let M be a closed, 
orientable hyperbolic 3-manifold such that 7ri(M) is k-free. Let fi be a Margulis number for 
M, let X be a positive real number such that 

m — 1 1 ^1 
1 + e^ 1 + - 2' 
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and let A denote the extrinsic diameter (2.7) of Mttickif^) in M. Suppose that 



m k — m 1 

> 



1 + 1 + e2^ - 2' 

Let P be any point in M , and let H denote the subgroup ofirilM, P) generated by all elements 
that are represented by loops of length < A. Then H has rank < m. 

Proof. Let us write M = M^/T, where F < Isom+(]HI'^) is discrete, cocompact and torsion- 
free. We set q = qr (2.6) and choose a point z e q~^{P). We use the base point z E 
to identify 7ri(M, P) with T (see 2.6). We may then regard H as the subgroup generated 
by the set S consisting of all elements ^ G F such that dist(^ ■ z, z) < A. The discreteness 
of F implies that S is finite. As F is m-free, if < F is in particular m-free; this will allow 
applications of Lemma 10.1 to H. 

We distinguish two cases, depending on whether P G Mthick(/^) or P G Mthin(/^)- 

First suppose that P G Mthick(Ai)- In this case we apply Lemma 10.1, taking Tq = 0. In 
order to show that rankii < m, it suffices to show that there is no independent set T C S* 
such that |T| = m. Suppose that Tq = {^i, . . . ,^rn} is such a set. We let di < X denote the 
minimal length of a loop based at P and representing ^j. 

Since ^i, . . . are independent and vri(M) is k-iiee, we may apply [11, Corollary 6.2] to 
obtain a point Q G Mthick(/^) such that p = distA/(P, Q) satisfies 

(10.2.1) i^+f 1 <i. 

Hence p < A. Since G S* we have cij < A for i = 1, . . . , m. It therefore follows from (10.2.1) 
that 

m k — m 1 
< -. 



1 + 1 + ~ 2 
This contradicts the hypothesis. 

Now suppose that P G Mthin(Ai)- We fix an element 77 7^ 1 of F such that dist(z,?7 ■ z) < p. 
In this case we apply Lemma 10.1, letting S U {77} play the role of S in Lemma 10.1, and 
taking Tq = {77}. In order to show that rankiJ < m, it suffices to show that there is no 
independent set T with 77 G T C S* U {77} such that |T| = m. Suppose that Tq = {,^1, . . . , ^m} 
is such a set, with = r] and ^2, • • • , G 5*. We write di = dist(z, C,i ■ z) for i = 1, . . . ,m. 
Since ^1, . . . are independent, it follows from [5, Theorem 6.1], together with the main 
result of [1] or [9], that 

10.2.2 y ^ < -. 

Since ^1, . . . , G S, we have (ij < A for i = 2, . . . , m. Our choice of ^1 = 77 gives di < p. 
Hence (10.2.2) gives 

m — 1 1 1 
1 + e^ ^ TTe^ ^ 2' 

This contradicts the hypothesis. □ 
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Corollary 10.3. Let k > 2 be an integer and let M be a closed, orientable hyperbolic 3- 
manifold such that vri(M) is k-free. Let fi be a Margulis number for M, let X be a positive 
real number such that 

1 1^1 
1 + e^ ^ iTe^ ~ 2' 
and let A denote the extrinsic diameter (2.7) o/ Mthick(/^) in- M. Suppose that 

2 k-2 1 



1 + 1 + - 2 
Then A is itself a Margulis number for M. 

Proof. This is the case m = 2 of Proposition 10.2. □ 

Lemma 10.4. Suppose that M is a closed, orientable hyperbolic 3-manifold such that vri(Af) 
is A-free and volM < 3.468. Then 1.119 is a Margulis number for M. 

Proof. Set A = 1.119 and fi = 1.078. By direct computation we find that 

1 1 1 

10.4.1 + > -. 

^ ' e^ + 1 e^ + 1 2 

Since 7ii(M) is 2-free, it follows from [3, Corollary 4.2] that log 3 is a Margulis number for 
M, so that fi < log 3 is also a Margulis number for M. 

Since 7ri(M) is 3-free, it follows from [2, Corollary 9.3] that some point P G M is the center 
of a hyperbolic ball of radius (log5)/2. 

Let A denote the extrinsic diameter of the compact subset Mthick(Ai) of M, and set 

p= max dist(P, a;). 

a:eMthick(At) 

The triangle inequality implies that A < 2p. 

Choose a point Q G Mthick(Ai) such that dist(P, Q) = p. Set V = iV(Q, 0.444) and 
W = A^(P, /i3((log5)/2). Since 0.444 < fi/2, the set V is (intrinsically) isometric to a 
hyperbolic ball of radius 0.444, and hence volV = P(0.444) = 0.381.... On the other 
hand, since P is the center of a ball of radius (log5)/2, it follows from (9.2.1) that voliy > 
P((log5)/2)/(i((log5)/2) = 3.087. . .. Hence volV + volW > 3.468 > vol Af, and therefore 
V CiW ^ ^. The triangle inequality therefore implies that 

p = dist(P, Q) < /^3(^^) + 0.444 < 1.392. 

Hence A < 2.784. We therefore have 

2 2 2 2 1 

y ■■) TT^ 1 + ^ 1 + ^ 1 + e5-568 > 2' 



It follows from (10.4.1) and (10.4.2) that the hypotheses of Corollary 10.3 hold with k = 4, 
and with A and p defined as above. Hence A is a Margulis number for M. □ 
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11. Distant volume 

11.1. We set 

/io = 1.119 

and 

h = h,(^^^ =0.67..., 
where is the function defined in 9.1 and is calculated using (9.1.1). 

We shall define a function Vfar(-D, A) on the set X that was defined in Subsection 8.1. The 
definition will use the function that was defined in 8.1, the function B defined by (9.0.1), 
and the function ^Bor given by Definition 9.5. We set Z{D, A) = Pa{D, A) — A/2 and define 



^Bor(^, h + -)+ B[mm (y, 3 (^(^, A) - h))) if Z(D, A) > h; 



B[mm[^, Z{D,X) jj ii < Z{D, X) < h; 



V 2 

^0 ifZ(D,A)<0. 

(Note that VB6r(Aio/2, h + A/2) is defined for every A > 0, since h + A/2 > h = /i3(/io/2).) 
Lemma 11.2. The function Vfar is monotone decreasing in its first argument. 

Proof. Suppose Di < D2. Set p^*^ = p^^Di, X) for i = 1,2. It is clear from the definition 
given in 8.1 that p4 is monotone decreasing in its first argument, and hence 

(11.2.1) p^'^>p^'l 

It is clear from the definition of Vfar that Vfar(-Di, A) and Vfar(-D2, A) are both non-negative. 
In the case where p*-^-' < A/2, we have Vfar(-D2, A) = 0, and hence 

(11.2.2) V^far(/^l,A) > \/far(/^2,A). 

If p(2) > A/2, then by (11.2.1) we have p(^) > A/2. 

If p(^) and p(2) both lie in the interval (A/2, h + X/2] then (11.2.2) follows from (11.2.1). If p(^) 
and p*-^-* both lie in the interval {h + X/2, 00), then (11.2.2) follows from (11.2.1) and Remark 
9.6. Finally, suppose that A/2 < p(2) <h + X/2 and that p(^) > h + X/2. Since the definition 
of Vbot immediately implies that VB6r(-R, p) > B{R) for any R> and any p > h^^R), we 
have Vf^,{Di, A) > \/B6r(po/2, /i + A/2) > B{po/2) > Vf^,{Di, A), so that (11.2.2) holds in this 
case as well. □ 

Lemma 11.3. Let M be a closed, orientable hyperbolic 3-manifold such that vri(M) is 4- 
free. Suppose that po is a Margulis number for M. Suppose that P is a point of (5m, cind 
set X = Sm{P)- Then {Dm{P), A) G X , so that l^ar (-Dj\f(-P), A) is defined, and 

vol(M - N{P, X/2)) > VUDm{P), A). 
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Proof. It follows from Lemma 8.3 that (/^^/(P), A) G X. 
Let us set D = Dm{P) and p = P4(-D, A). 

The lemma is trivial if p < A/2, as we have Vfar(-D, A) = in that case. We shall therefore 
assume that A/2 < p. It then follows from Proposition 8.4 that there is a point Yp G 
Mthick(po) such that 



Consider the case in which A/2 < p < h + X/2. In this case we set r = min(po/2, p— A/2) > 0, 
so that according to the definition in 11.1 we have l^ar(-D) = B{r). Since r + A/2 < p < 
dist(P, Yp), we have iV(P, A/2) n N(Yp, r) = 0. Hence 



On the other hand, since Yp G Mthick(po) and < r < po/2, the set N(Yp,r) is intrinsically 
isometric to a hyperbolic ball of radius r, and so 



If we set t = A/2 + u, we therefore have A/2 < t < p, and it follows from Proposition 8.4 
that there is a point Yt G Mthick(po) such that 



(11.3.1) 



dist(p,rp) =p. 



(11.3.2) 



vol(M - N{P, A/2)) > vol N{Yp, r). 




l(p-(/. + (A/2)))>0. 




From (11.3.1), (11.3.4), (11.3.5) and the triangle inequality it follows that 
(11.3.6) dist{Yt,Yp) > h + 



From (11.3.5), (11.3.6) and the triangle inequality we deduce that 
(11.3.7) iV(P, A/2) n N{Yt, u) = % = iV(F„ h) n N{Yt, v). 



On the other hand, since p > /i + A/2, it follows from (11.3.1) that 

dist(Fp,P) > /i + A/2, 



so that the triangle inequality gives 



(11.3.8) 



iV(P, A/2) n Nijp, h) = 0. 



From (11.3.8) and (11.3.7) we deduce that 

(11.3.9) vol(M- A^(P,A/2)) > vol N{Yt,u) +Yo\N{Yp,h). 
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We now apply Proposition 9.7, taking R = /io/2, taking for Y the /io-thick point Yp, and 
defining P and p as above. This gives vol A^(Y, hsi^R)) > VB6r(Aio/2, p). Since p > h + A/2, 
it follows from Remark 9.6 that VB6r(Aio/2, p) > VB6r(Ato/2, /i + (A/2)). Hence 

(11.3.10) voliV(Fp, h)) > rBor(y , h + ^). 

Set m = min(/io/2, z/). Since m < po/2 and G Mtuckipo), the set A^(Y't,m) is intrinisically 
isometric to a hyperbolic ball of radius m. Hence 

(11.3.11) vol N{Yt,u) > Bijn). 

From (11.3.9), (11.3.10) and (11.3.11) it follows immediately that 

vol(M - iV(P, A/2)) > l^Bor(y , h+^)+ B{m) = V^D), 
which gives the conclusion of the lemma in this case. □ 



12. The case where there is no short geodesic 



We set 5o = 0.58 and Aq = log 7. 

Lemma 12.1. Let D be a number with Sq < D < .7, and set T3 = $3(^07 D). Then we have 
D <T^< Aq, so that, in particular, <d{D/2, Xq/2) and 6(T3/2, Ao/2) are defined, and 

^ ' \ \2' 2 J \2' 2 1 1 sinhDsinhTg 

Proof. Let (f) denote the function defined on [(5o, cxd) by 0(x) = $3(^0, x). Let 9 denote the 
function defined on (0, Ao/2) by 6{x) = 6(x, Ao/2). From the definition of $„ given in 7.1 
and the definition of O given in 6.3, it is clear that (p is monotone increasing on its domain 
and that 6 is monotone decreasing on its domain 

If D is a point of [60, .7] then the monotonicity of (f) implies that 

D <.7 <36o = 0(5o) < (piD) < 0(.7) = 1.766 . . . < Aq. 

Since T3 = </'(-D), this proves the first assertion. 

To prove the second assertion we consider an arbitrary sub-interval [a,b] of [5o,.7]. From 
the definition given in 6.3 it is clear that the function G is monotone decreasing in its first 
argument, and hence for any D G [a, 6] we have 

e{D/2) > e{b/2) > e{.7/2) = i.i . . . , 

and 

e{<t){D)/2) < e{(P{a)/2) < e{<p{5o)/2) = 0.36 .... 

It follows that 

9{D/2) - e{<p{D)/2) > 9{b/2) - ^(0(a)/2) > 0. 
Since 6 takes values in (0,7r/2) we have 0(0/2) - e{(p{D)/2) < 7r/2. Hence 

(12.1.2) cos(e(D/2) - e{(t){D)/2)) < cos(^(6/2) - ^(0(a)/2)) 



FOUR-FREE GROUPS AND HYPERBOLIC GEOMETRY 



43 



for any D G [a, h]. 

On the other hand, for any D G [a, 6], using the monotonicity of the hyperbohc cotangent 



we find that 



cosh D cosh T?, — cosh 2D , ^ , , , ^, cosh 2D 

cothDcoth0(L)) 



sinhDsinhT? sinh D sinh 0(1)) 

> cothocoth(p(o) — — — . 

smhasmhfBla) 



If for all a and h with (5o < a < 6 < .7 we set 

/ cosn 2h 

A(a, h) = cos{d{h/2) - e{<P{a)l2)) - coth h coth ' " ' 



sinh a sinh 




then it follows from (12.1.2) and (12.1.3) that, for every interval [a, 6] C [5o; -7] and every 
point D G [a, 6] , we have 

/^/r^/^N / cosh D cosh f/)(D) — cosh 2/} \ ^ . , 
cosWZ)/2)-W(Z))/2))- ^ ^^^/jj^(^) j < A(a.t). 

In particular, (12.1.1) will hold for D G [a, 6] provided that A(a,6) < 0. But by direct 
computation we find that A(.58, .63), A(.63, .67), A(.67, .68), A(.68, .69), and A(.69, .7) are 
all negative. This completes the proof. □ 

12.2. We define functions V^*ear(-^) ^'^'^ Kicar(-D) on [^oi oo) as follows. For n = 2,3 we set 
T„ = Tn{p) = ^riiSo,D). According to Lemma 7.4 we have T2 = $2(^0, -D) < 2D, so that 
{D, T2) is contained in the domain of ^ . We may therefore define 



^'^ear (-^) 



Finally, we define 

V:,,,{D)-2KiXo/2,n/2) foTD>.7. 

Lemma 12.3. Let M be a closed, orientahle hyperbolic S-manifold which contains no closed 
geodesic of length < Sq. Suppose that P is a point of <Sm such that Sm{P) > Aq. (see 3.8). 
Then Dm{P) > 5q, so that Vncar(-DA/(P)) is defined, and 

VoliV(P,Ao/2)>Kear(/^M(P)). 

Proof. We set D = Dm{P)- 

We shall apply Lemma 7.6, taking A = Aq and 5 = 6q. By direct computation we find that 
36q < Ao < 45o- The hypothesis that M contains no closed geodesic of length < 60 implies 
that a generator x of Cp (see 3.8) has translation length > Sq. Since we have assumed that 
Sm{P) > Ao, the hypotheses needed for the first assertion of Lemma 7.6 are satisfied. 

It follows from the first assertion of Lemma 7.6 and the definition of V*^ that 



near 



volivfp,^) >V* 
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In view of the definition of Kiear, it follows that vol A^(P, Ao/2) > Kicar(-D) if -D > .7. 

Now suppose that D < .7. In this case it follows from Lemma 12.1 that max(D,T3) < Aq, 
so that e(D/2, Ao/2) and e(T3/2, Ao/2) are defined, and that 

( ^( D \q\ „ / T3 AoW cosh D cosh T3 — cosh 2D 
cos B — , — 11^ 



^2'2/ \2' 2 ) ) sinhDsinhT3 
It therefore follows from the second assertion of Lemma 7.6 and the definition of V*^^^ that 
vol A^(P, Ao/2) > V*^^^{D). Since Vnear(-D) = Ki*ear(-^) ^his case, the present lemma is now 
proved in all cases. □ 

Lemma 12.4. For any D G [5o) 00) we have {D, Aq) G X , so that Vfar(-D, Ao) is defined, and 

(12.4.1) Kear(/^) + V^D, Aq) > 3.44. 



Proof. If D > 60 we have 



1 1 11, 1 
+ ^ < J- + - = .483 . . . < 



1 + e^ 1 + e^o ~ l + e-^" 8 ' 2' 
so that {D, Ao) G X. 

Before turning to the proof of (12.4.1), we shall summarize the monotonicity properties of 
various functions that will be used in the proof. It is clear from the definition given in 
7.1 that the function is monotone increasing in its second argument for each n. We 
pointed out in 6.5 that n is monotone increasing in its second argument. We pointed out 
in 7.5 that \l/ is monotone increasing in its first argument and monotone decreasing in its 
second. According to Lemma 11.2, the function Vfar is monotone decreasing in its first 
argument. Finally, since k, is monotone decreasing in its second argument (see 6.5), the 
function x i— > k(Ao/2, ^3(60, x)/2) is monotone decreasing on its domain. 

We now turn to the proof of (12.4.1). We first consider the case D > Aq. In this case we 
have k{Xq/2, D/2) = 0, and hence 

1 T 

V:,,,{D) = Bi^) - 2a(Ao/2, D/2, $2(^0, D)/2, ^{D, $2(^0, D))) 
= i?(i^)-2K(Ao/2,$2(5o,/^)/2) 

>5(^)_2«:(Ao/2,<l>2(<5o,Ao)/2) 

= 4.015... 

Furthermore, we have 

$3(^0, D/2) > $3(5o, Ao/2) = 2.307 . . . > Aq. 

Hence «:(Ao/2, $3(50, D)/2) = 0, and so Kear(/^) = V:,,,{D) = 4.015 . . .. Since Vf^D, Ao) = 
in this case, (12.4.1) holds. 

For the rest of the proof we shall restrict attention to the case 60 < D < Xq. 

Let us define a useful interval to be a half-open interval I = [a, b) C [60, Ao) whose interior 
(a, b) does not contain 0.7. 
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For any useful interval [a,b), we have $2(^05*^) < 2a < 26 according to 12.2. Hence 
(6, $2(^0, a)) G lies in the domain of \E'. In view of the monotonicity properties pointed 
out above, for any D G [a, 6) we have 

CarP) = 5(y ) - 2a(Ao/2, D/2, $2(^0, D)/2, ^{D, $2(<5o, D))) 

> _ 2a(Ao/2, a/2, $2(50, /^)/2, $2(5o, /^))) 

> fi(^) - 2a(Ao/2, a/2, $2(<5o, a)/2, ^(6, $2(^0, a))). 
Thus if for every useful interval / = [a, b) we set 

m:,,,(/) = Bi^) - 2a(Ao/2, a/2, $2(^0, a)/2, vl/(6, $2(^0, a))), 

we have 

(12.4.2) K;arP)><cara) whenever Del. 

Let us associate a number mncar(-^) to any useful interval / = [a, 6) by setting mncar(-?^) = 
m*3^,(J) if J C [5o, .7) and mncar(/) = Kcar(^) - «^(Ao/2, $3(^0, a)/2) if / C [.7, Aq). 

It follows from (12.4.2), the definition of Vnear (see 12.2), and the monotonicity of x 
k{Xo/2, $3(^05 3;)/2) that for any useful interval / we have 

(12.4.3) Kear(^) > m,ear(/) for cvery Del. 

Since \4ar is monotone decreasing in its first argument, for any useful interval / = [a, b) we 
have 

(12.4.4) VUD, Ao) > ViUb, Aq) for every D e I = [a,b). 

It follows from (12.4.3) and (12.4.4) that for any useful interval / = [a, b) we have 

(12.4.5) Kear(/^) + V^D, Aq) > m„ear(/) + ^far(&, Aq) for CVCry Del. 

Hence in order to complete the proof the lemma, it suffices to write [60, Aq) as a union of a 
family X of useful intervals such that m^ca.r{I) + Vfurib, Aq) > 3.44 for every / = [a, b) e X. 

The proof is completed by direct calculation. A separate calculation was done on each of the 
intervals [Sq = 0.58, 0.598), [0.598, 0.608), [0.608, 0.618), [0.618, 0.7), [0.7, log7 = Aq). Each of 
these intervals was further subdivided into 20 equal-sized subintervals = [x„, Xn+i) for n = 
0, . . . , 19. The subintervals In are useful, and it was verified that mncar(-^n) + Vfar(a^n, Aq) > 
3.44 for each n. 

The minimum value computed in this way was 3.4409. . ., which arises for the subinterval 
[0.5971, 0.598). Note that the calculation of m-aear requires calculating a value of the function 
L. See Subsection 14.7 for an explanation of the methods that were used to make this 
calculation. □ 



Lemma 12.5. Let M be a closed, orientable hyperbolic S-manifold such that 7ri(M) is 4-free. 
Suppose that M contains no closed geodesic of length < 60. Then volM > 3.44. 
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Proof. We may assume that volM < 3.468, as otherwise there is nothing to prove. Then by 
Lemma 10.4, fiQ = 1.119 is a Marguhs number for M. 

Since 7ri(M) is 4-free we may apply Corollary 5.14. If alternative (i) of Corollary 5.14 holds, 
i.e. if M contains an embedded hyperbolic ball of radius Ao/2, then we have volM > 
B{\o/2) =4.65.... 

Now suppose that alternative (ii) of Corollary 5.14 holds, i.e. that there is a point P G &m 
with Sm{P) = Aq. We set D = Dm{P)- Since in particular Sm{P) > Aq, and since M 
contains no closed geodesic of length < 6o, it follows from Lemma 12.3 that D > So, and 
that 

(12.5.1) VoliV(P,Ao/2)>KcarP). 

On the other hand, since Sm{P) = Aq, and since /io is a Margulis number for M, Lemma 
11.3 gives 

(12.5.2) vol(M - iV(P, Ao/2)) > V^^D, Aq). 
From (12.5.1) and (12.5.2) it follows that 

VolM>Kcar(^) + V^ar(AAo). 

The conclusion of the present lemma now follows from Lemma 12.4. □ 
13. The case where there is a short geodesic 

As in Section 12, we set 6o = .58. As in Section 11, we set fio = 1.119. 

Proposition 13.1. Let M be a closed, orientahle hyperbolic 3-manifold, and let fi be a 

Margulis number for M. Suppose that c is a closed geodesic in M of length I < fi, and let P 
be any point of c. Then P G &m o-nd Dm{P) = I- Furthermore, we have 

yo\N{P,Sm{P)/2) = B{5m{P)/2) - 2k(sm(P)/2, //2). 

Proof. Let C < tti [M, P) denote the image of tti (c, P) under the inclusion homomorphism, 
and let x denote a generator of C. Since c is a closed geodesic of length /, the cyclic subgroup 
C of 7Ti{M,C) is maximal, and for any integer n 7^ 0, the minimal length of a loop based 
at P and representing is nl. Now if a is a loop based at P that represents an element 
of 7ii{M,P) — C, then [a] does not commute with x; and since / < /i, and /i is a Margulis 
number for M, the length of a is > fi, and in particular > /. It follows that C = Cm{P), 
that P G (5a/, and that Dm{P) = I- 

The second assertion is an application of Proposition 6.2. Let us write M = H^/F where 
F < Isom_|_(E[^) is discrete and torsion-free, and set q = qr- Set A = Sm{P)- Let P be a point 
of q~^{P), and let us identify 7ri(M, P) with F via the isomorphism determined by the base 
point P G (see 2.6). Since c is a closed geodesic, the component c of q~^{c) containing 
P is the axis of C. Let p+i and p_i be the closed rays emanating from P and contained in 
c. We may suppose them to labeled in such a way that x^*^ ■ P G Pe for every n > and for 
e = ±1. 
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For each integer n 7^ 0, we have dist(P, x" ■ P) = \n\l. For e = ±1, let denote the point of 
intersection of S{X/2,P) with p^. According to Proposition 6.2 we have 

(13.1.1) vo\{N{P, A/2)) = B{X/2) - vol( |J Ji (A/2, P, Ce, nl/2)). 

n>0,e=±l 

In the notation of 6.1, the plane n(P, nl) is orthogonal to c for each n > and for e = ±1. 
Hence the half-spaces if(2;o, C+I7 V2) and H{zqX-iJ/2) are disjoint, and 

H{zo,CJ/'2)cH{zoXe,nl/2) 

for each n > 1 and for e = ±1. It follows that 

(13.1.2) i^'(A/2, P, C+i, 1/2) n K{X/2, P, C_i, //2) = 0, 
and that 

(13.1.3) J^(A/2, P, C, nl/2)) C i^(A/2, P, C, //2)) 

for each n > and for e = ±1. From (13.1.1), (13.1.2) and (13.1.3), we find that 

vol(iV(P, A/2)) = P(A/2) - (vol(J^(A/2, P, C+i), 1/2) + vol(A^(A/2, P, C-ii, 1/2)) 
= B{X/2) - 2k{X/2,1/2). 

□ 

We define a function W with domain X cM."^ (see 8.1) by 

W{1, X) = Vfar(/, A) + P(A/2) - 2k{X/2, 1/2). 

Lemma 13.2. Let k be an integer > 2, let M he a closed, orientable hyperbolic 3-manifold 
such that 7ri(M) is k-free, and suppose that fiQ is a Margulis number for M. Suppose that c 
is a closed geodesic in M of length I < fiQ, and let P be any point of c. Then P e (Sm and 
(/,Sm(P)) G X. Furthermore, we have 

volM > W{1,Sm{P)). 

Proof. Set A = Sa/(P). According to Lemma 13.1, we have P E <3m, Dm{P) = I, and 

vol A^(P, A/2) = P(A/2) - 2fi;(A/2, 1/2). 

According to Lemma 11.3, we have {Dm{P), X) G X, so that Vfar(-DA/(P)7 A) is defined, and 
vol(M - N{P, A/2)) > ViUDM{P),X) = Vf^l, A). 

H6I1C6 

volM > vol Ar(P, A/2) + vol(M - iV(P, A/2)) 
>P(A/2)-2/s:(A/2,//2) + yf,,(/,A) 
= W{l,X). 

□ 

Lemma 13.3. For any (/, X) e X with .003 <l<5o, we have W{1, X) > 3.44. 
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Proof. Let us define p{l) = ilog((e' + 3)/(e' — 1)), so that 

1 1 _ 1 

1 + e' ^ 1 + e2p{0 ~ 2' 

By definition the set X consists of all points in such that A > '2,p{l)] or equivalently, of 
all points of the form (/, 2p(/) + y) with / > and y > 0. 

We define W*{l,y) = W{l,2p{l) + for / > and y > 0. It suffices to show that for any 
/ G [.003, 5o] and any y > we have W*{l,y) > 3.44. We observe that the function p is 
monotone decreasing for / > 0. 

For (/, A) G A" we define 

(13.3.1) Vn{1, A) = B{X/2) - 2k(A/2, 1/2), 

so that W = Vfar + Vat. We observe that Vat is decreasing in / and increasing in A. For 
/ > and y > we set V^{1, y) = ¥^{1, 2p{l) + y) and y) = Vi,,{l, 2p{l) + y),so that 

W* = Vf*j, + V^. Since p is monotone decreasing, V^{l,y) is decreasing in / and increasing 
in y. For / G [.003, 6o] and y > .5 we have 

V*{1, y) > V*{6o, 0.5) = 3.557 . . . > 3.44, 

where we have computed V*{6o, 0.5) using the formula for the function k, given by Proposition 
14.3. It therefore suffices to show that for any (/, y) in the rectangle R = [.003, 6o] x [0, .5] 
we have W*{l,y) > 3.44. 

We denote by S the set of all subrectangles of R of the form [Iq, li] x [y^, yi] with .003 < Iq < 
h < ^0 and < yo < yi < .05. 

We define a continuous function % on i? by 

It follows from the definition of l^ar given in Subsection 11.1 that we have 

(13.3.2) V;jl,y) > i?(max(0, (min (^, p4(/, 2p(/) + y) - ^^^^)))) 

for every (/, y) G R, with equality when x(^, y) < 0. Furthermore, when x(Z, y) > we have 
(13.3.3) 

v;:,(u) = VB»,(f + + s(mi„(^,i(,,((,2p(o + ,) - + Mii±i)))). 

The function p is monotone decreasing, and the function p^ is decreasing in each of its 
arguments. Hence for each S = [Iq, h] x [yo, yi] G S, the function x\S is bounded below by 

X.=P4(/i,2p(/o)+yi)-(/^ + ^^^^^). 

Suppose that S = [IqJi] x [yoil/i] is a rectangle such that xs > 0. Then in particular x 
takes only positive values on S, and hence (13.3.3) holds for every (/, y) G S. Since p is a 



X{l,y)=p,il,2pil)+y)-{h 
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monotone decreasing function, is decreasing in each of its arguments, and B is increasing, 
and since V-Qm is increasing in its second argument according to Remark 9.6, the quantity 
(13.3.4) 

V"+=V"B6r(Y,/i + j +5(^mm(^y, -(^p4(/i,2p(/o) - [h + jjjj 

is a lower bound for Vf*j,|S' for any S = [/q, ^i] x [yo, yi] G S with xs > 0. 

On the other hand, if 5 = [Iq, li] x [yo, yi] is an arbitrary rectangle in S then (13.3.2) holds 
for every (/, y) G S. Hence 

(13.3.5) yf=i?(max(0, {min p,{h,2p{lo) + yr) - ^-^^^)))) 

is a lower bound for Vfarl'S', for any S = [loJi] x [yo,yi] E S. 

We have observed that W* = Vf*j, + V^, and that V^{1, y) is decreasing in / and increasing in 
y. It follows that V§ = V^{li,yo) is a lower bound for V^\S for any S = [/q, h] x [yo, yi] e S. 
Hence + is a lower bound for 1^*|S' for every S = [Iq, h] x [yo,yi] G S with Xs > 0, 
and + is a lower bound for 14^* jS* for every S = [Iq, li] x [yo, yi] G S. 

Hence in order to complete the proof of the lemma, it suffices to specify subsets 5+ and Sq 
of S with C Sq, such that 

• i? is the union of the rectangles in Sq; 

• Xs > for every S G iS+; 

• + > 3.44 for every S G S+; and 

• V^TV + > 3.44 for every S eSo-S+. 

To define So we begin with the rectangles Ri = [0.003, 0.103] x [0, 0.5], R2 = [0.1, 0.5] x [0, 0.5], 
and R3 = [0.5,0.58] x [0,0.5]. We subdivide each of the Ri into equal-sized subrectangles, 
where the subrectangles are chosen to form a 40 x 100 grid on a 50 x 100 grid on R2 and 
an 80 X 100 grid on R3. We define So to be the union of the rectangles in these three grids. 

To specify Sj^ C So we compute xs numerically for each S & So and take 5+ to consist of 
those rectangles for which the computed value of xs exceeds 0.1. Since our margin of error 
in computing xs is much less than 0.1, we indeed have Xs > for every S G iS+. 

We computed Ws numerically for each S G Sq, using one of the formulas 13.3.4 or 13.3.5 
and using Proposition 14.3 to compute the value of the function n which appears in formula 
13.3.1. The minimum value of Ws obtained in this manner is 3.4511. . ., which arises for 
S = [0.579,0.58] X [0.145,0.15]. This shows that W* is bounded below by 3.44 on R, as 
required. □ 

Lemma 13.4. Let M be a closed, orientable hyperbolic 3-manifold such that 7ri(M) is A-free. 
Suppose that that M contains a closed geodesic of length < 6o- Then vol M > 3.44. 

Proof. We may assume that volM < 3.468, as otherwise there is nothing to prove. Then by 
Lemma 10.4, po = 1.119 is a Margulis number for M. 
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Let c be a closed geodesic in M of length I < 6q. Let P be any point of c. Since 6q < /io, we 
may apply Lemma 13.2 to deduce that P G (Sa/, that (/,sa/(P)) G X, and that 

volM > W{1,Sm{P)). 

If / > .003, it follows from Lemma 13.3 that W{1,Sm{,P)) > 3.44, and hence that volM > 
3.44. 

There remains the case in which / < .003. In this case, let T denote the maximal embedded 
tube about c. It follows from [5, Corollary 10.5] that 

(13.4.1) vo\T >V{.003), 

where V is the function defined in Section 10 of [5]. Computing ^(.003) from the definition 
given in [5] we find that 

(13.4.2) \/(.003) = 3.1345... 

On the other hand, it follows from a result of Przeworski's [18, Corollary 4.4] on the density 
of cylinder packings that 

(13.4.3) vol T < 0.91 vol M. 

From (13.4.1), (13.4.2) and (13.4.3) it follows that 

3 1 34 

volM > > 3.44. 

.91 

□ 



Proof of Theorem 1.5. The first assertion of the theorem is an immediate consequence of 
Lemmas 12.5 and 13.4. The second assertion follows from the first in view of Theorem 
1.4. □ 



The proof of Theorem 1.6 will involve combining Theorem 1.5 with the results of [10]. We 
refer the reader to [10, Section 6] for the definition of a fibroid. As in [10], we will use a 
result due to Agol, Storm, and Thurston from [4]. The information from [4] that we need is 
summarized in Theorem 9.4 of [2], which states that if M is a closed orientable hyperbolic 
3-manifold containing a connected incompressible closed surface which is not a fibroid, then 
vol(M) > 3.66. 

Proof of Theorem 1.6. Assume that dim^j ifi(M; Z2) > 8. Then according to [10, Propo- 
sition 7.1], either tti{M) is 4-free, or M contains a closed incompressible surface of genus 
at most 3 which is not a fibroid. If 7ri(M) is 4-free, it follows from Theorem 1.5 that 
vol(M) > 3.44. If M contains a closed incompressible surface which is not a fibroid, it 
follows from [2, Theorem 9.4] that vol(M) > 3.66. In either case the hypothesis is contra- 
dicted. □ 
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14. Appendix: Computations with caps 



In this section we will describe the methods used for numerical computation of particular 
values of the functions l{R, w, w', a) and k{R, D) which were needed for the proofs of Lemmas 
12.4 and 13.3. The main results are Propositions 14.3, 14.4, 14.5 and 14.6. In Subsection 
14.7 we will show how to combine these results to calculate l and k for any values of the 
arguments. 

The following well known special case of the distance formula in the upper half-space model 
of will be needed. 

Lemma 14.1. Let ^ he a geodesic in the hyperbolic plane modeled in the upper half-plane 
by a semicircle s with center X = [x, 0) and radius p. Let P = {x,p). Suppose that Q is a 
point of s such that the arc of s from P to Q subtends an angle 9 in the Euclidean plane. 
Then cosh dh{P,Q) = sec 6. 

Proof. After applying a hyperbolic isometry which fixes oo, we may assume that p = 1, 
X = 0, P = (0,1) and Q = (sin 6*, cos 6*). The arc of the unit circle from P to Q is a 
hyperbohc geodesic arc of length 



We will also need the following fact from Euclidean geometry, of which the proof is an easy 
exercise: 

Lemma 14.2. Let Si and S2 be two spheres in such that Si (1 S2 is a circle X. Let ri 
denote the radius of Si, and let D denote the distance between the centers of Si and S2. 
Then the radius r of I satisfies 




log I sec 6 + tan^|. 



Thus, since < < 7r/2, we have 




sec 6. 



□ 



1 A r^i 



Furthermore, the distance between the centers of Si and X is {r\ + 



tI)/{2D). 



□ 



Proposition 14.3. Let R and w be positive numbers with < w < R. Set 




and 
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Then 



k{R, w) = 7r(e^ cosh R - - log L(e) -R + - log(e-2'" 

Lie) 2 



+ w) 



Proof. We use the notation of Subsection 6.1. By definition k{R,w) is the volume of 
K{R, ZXjW), where Z and ( are points in separated by a distance R. We may iden- 
tify conformally with the upper half-space = X (0, oo) C in such a way that 
Z = (0,0,1) and C = (0,0,6"^). Then N{Z,R) is identified with the Euclidean ball B 
of radius sinhi? centered at (0, 0, cosh/?). The half-space HlZX^w) is identified with the 
intersection of with the Euclidean ball B' of radius centered at (0, 0, 0). 

The boundaries of B and B' intersect in a circle X. According to Lemma 14.2, the square of 
the radius of X is equal to 

-2w (e"^"' + cosh^ R - sinh^ R^ 
^ 4 cosh^ R ' 

which implies that the radius of X is the quantity e defined in the statement of the present 
proposition. 

Since Z and ( lie on the vertical axis {(0, 0} x M, the circle X lies in a horizontal plane and 
has center on the vertical axis. It follows that the vertical projection p : {x, y, t) i— > (x, y) 
maps K{R, Z, w) = N{Z, R) fl H{Z, w) onto a disk A of radius e about (0, 0), and that 
for every P G A the set p~^{P) is a line segment whose lower and upper endpoints lie, 
respectively, in the lower hemisphere of dB and the upper hemisphere of dB'. If r denotes 
the distance from P to (0,0), the definitions of the balls B and B' imply that the vertical 
coordinates of these endpoints are respectively equal to L{r) and U{r), where L{r) is defined 
as in the statement of the proposition, and U{r) = \J e~'^^ — r^. 

Using cylindrical coordinates in M^, we therefore find that 

Yo\K{R,ZX,w) = / / —dtdrde. 

Jo Jo JL{r) t-^ 



We have 



2tt /•€ rU{r) f f r r 



IT 



TX 



j dr 
r dr 



Q Q 2X _ y,2 



r dr 
L{rY 

i7^ + -(^l°g(^""-^')+-) 
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To complete the proof we observe that r dr = (cosh/2 — L{r))d L{r), and L{0) = e~^. Thus 
we have 

r dr r^i^) cosh R — u ^ 
L(r)2 Jl{o) V? 

p , „ cosh R , ^ , , ^ 

= e cosh R — log L(e) - R, 

L[e) 

which completes the proof. □ 

The following result, Proposition 14.4, gives an integral formula that can be used to compute 
w, 0,a), when a G {tx/2, re). The subsequent results of this section. Propositions 14.5 
and 14.6, will be used to reduce the general calculation of l{R, w, w', a) to the special case 
covered by Proposition 14.4. 

Proposition 14.4. Let R and w be positive numbers with < w < R, and let a G (7r/2, vr) 
be given. Set (p = a — tx jl G (0, vr/2). 

(1) If we define quantities v and c by v = (sinh w + cosh w cos and c = w sin cosh w, 
then 

„^ _ ±!±£!±i)l > 

4(c2 + cosh^ R) - 

(2) Let us define quantities fi, p and m by 



(t;2 + c2 + l)2 coshi? , C{v'^ + C^ + 1) 

V --i: 2 — 7' P ~ I ' m = c 



\\ 4(c2 + cosh^ i?) ' Jc^ + cosh^R 2(c2 + cosh^ i?) ' 



If m> pn then l{R, w, 0, a) = 0. 
(3) Suppose that m < pp, and define a quantity 6q and a function e{9) by 

,\J p^p^ — rn^ . , pp 

9o = arctan(-^^^--^- ) and e{e) - 



mp ' ■ ' y'cos2 e + p2 sin2 ^ 

Then msec6 < e{9) for every 9 G [—9q^9q\. Furthermore, if we set 

V = {9,r ^ [-TT, tt] X M : - 9^ < 9 < 9^ and msec9 <r < e{9)}, 
then for every {9, r) ^ V we have 

sinh^ R — (r cos 9 — m)^ — sin^ ^ > 

and 

f ^ — (r cos 9 + c — rnf' — sin^ ^ > 0. 
Finally, if we define functions U{r, 9) and L{r, 9) on V by 



U (r, 9) = yv'^ — {r cos 9 + c — m)2 — r"^ sin 9 

and 



L{r, 9) = cosh R — y sinh R — {r cos 9 — m)2 — r"^ sin 6*, 
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then L{r,6) < U{r,6) for each {r,6) G V, and we have 



(14.4.1) 




) 



drdO. 



Proof. In this proof it will be understood that v, c, fi, p, m, Oq, e{9), V, U{r,9) and L{r,9) 
are defined as in the statement of the proposition. Many of these objects are defined only 
subject to certain assertions in the statement, and will not be mentioned until after these 
assertions have been proved. 

We use the notation of Subsection 6.1. By definition we have 



where Z is a point in M.^ and (i and (2 are points in S{R, Z) separated by a spherical 
distance a. For i = 1, 2 we set 77^ = r]Q, and we let ii denote the line containing rji. We set 
Hi = n(Z, Ci, 0), ifi = H{Z, Ci, 0), = n(Z, C2, w),H2 = H{Z, (2, w). K, = K{R, Z, Ci, 0), 
and K2 = K{R, Z,C2,w). 

Since a > 7r/2, we have Ci ^ -^2- In particular, 
(14.4.2) ^ K2. 

Since the rays rji and 772 form an angle a G (-7r/2,7r) at Z, there is a unique plane U C 
containing ii and £2- In particular U is perpendicular to Hi, and the line U CiUi is 
perpendicular to ii. Hence there is a unique ray r C f/ fl Hi with origin Z which forms an 
angle = a — 7r/2 with 772. 

Since < x < R, the sphere S" and the plane 112 meet in a circle X. 

Now let U'^ denote the upper half-space in M^. We denote the coordinates in M.^ by x, y and 
t, so that is defined by t > 0. We identify conformally with in such a way that 
Z = (0, 0, 1); Hi, Hi and U are the subsets of U'^ defined, respectively, by x = 0, a; > and 
y = 0; and r is defined hj x = y = and < t < 1. 

If X and Y are points of U'^ C M'^ we shall denote the Euclidean distance between X and Y 
by When X,Y eU^ we shall write dh{X,Y) for the hyperbolic distance between X 

and Y. 

We will treat the x2;-plane, which contains U, as a Cartesian plane with coordinates x and 
z; in particular each Euclidean line in this plane has a well-defined slope. 

Since Z = (0, 0, 1), the ball N{Z, R) is identified with the Euclidean ball B of radius sinhi? 
centered at A={0, 0, coshi?). We set S = dB. 

Since > we have £2 U H Hi, so that the tangent vector to £2 at ^ = (0,0, 1) is a 
non- vertical vector in M^. Hence the hyperbolic line £2 is identified with a semicircle in the 
half-plane U, whose center B lies on the x-axis. We write B = (6,0,0). Since 772 forms an 
angle a = (p + (vr/2) with rji (which has tangent vector (1, 0, 0)) and forms an angle (p with 
r (which has tangent vector (0,0, —1)), the semicircle £2 has positive slope at Z, and hence 



l{R, w, 0, a) = Yo\{K{R, Z, Ci, 0) n K{R, Z, C2, w) 



6 > 0. 
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If E denotes the point of intersection of £2 with 112, then since E G (21 the x-coordinate of E 
is negative. It follows that the tangent line to the semicircle £2 has positive slope at E and 
hence that the tangent line at E to the semicircle 112 H U, which meets £2 orthogonally at 
the point E, has negative slope. This implies that 112 is identified with a hemisphere whose 
center C lies on the x-axis and has a negative x-coordinate. 




C Mo Q B 



We let u denote the radius of the semicircle £2, and we set (5 = Z.CBE. 

We have Z.CBZ = 0. Since the Euclidean distance from (0, 0) to Z is 1, we have u = csc0 
and b = cot 0. 

Let P denote the point of intersection of £2 with the vertical ray in U originating at B. By 
Lemma 14.1, we have cosh((i/j(P, Z)) = csc0. Since dh{P,E) = w + dh{P,Z), Lemma 14.1 
implies that csc/3 = cosh(w + arccoshw). Hence 

cot (3 = sinh(w; + arccosh u) = cosh w\Ju^ — 1 + u sinh w = cosh w cot (j) + sinh w esc (j) 

and 

tanh w + Vl — u'"^ tanhw + cos0 

cosp = tanhfii; + arccosh n) = = -. 

1 + \'l - u-'^tanhw l + tanhu;cos0 

Since BEC is a Euclidean right triangle, we have 



CE\ = utanfS = — = v. 

cosh w cot + sinh w esc 
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Thus 

(14.4.3) radms(n2) = v. 

The difference of the x-coordinates of B and C is \BC\ = u sec (5. Hence the x-coordinate of 
C is 

, , 1 + tanh w cos (j) sin (j) 

b — u sec p = cot (p — (esc 

i.e. 



tanh w + cos d) tanh w + cos < 



(14.4.4) C=(-c,0,0). 

We have seen that the center of the Euchdean sphere S is (0, 0, coshi?). It therefore follows 
from (14.4.4) that the Euclidean distance between the centers of the sphere S and the 



hemisphere 112 is y + cosh^ R. We have also seen that S has radius sinh R, while 112 has 
radius v by (14.4.3). In the notation of Lemma 14.2, taking 82 = 8 and taking Si to be 

the sphere containing Hi, we have ri = f , r2 = sinhi? and D = \] -\- cosh^ R. The first 
assertion of the lemma gives 

radius(X)^ = .^-^^;±^^. 
^ ' 4(c2 + cosh^ i?) 

This shows that v"^ — {v"^ + + 1)^/(4(0^ + cosh^i?)) > 0, which is assertion (1) of the 
proposition. It also shows that if we define /i as in the statement of the proposition then 

(14.4.5) radius(X) = /i. 

The second assertion of Lemma 14.2 gives the distance between the center C of 112 and the 
center of X, which we denote by M: 



1,2 I „2 _|_ 1 

;i4.4.6) \CM\ = ^ . 

2\/c2 + cosh^i? 



Let p : ^ denote the projection (x, t) ^ (x, y). We have p{M) = (—mo, 0) for some 
mo G M. By similar triangles we have (c — mo)/|CM| = c/|y4C|, so 

|CAf|, c(v^ + c^ + l] 



Hence: 

(14.4.7) p(M) = (-m,0). 

Since the sphere S and the hemisphere H2 are centered on the closed Euclidean half-plane 
U, their circle of intersection X meets U in two points F and G, which are diametrically 
opposite points of X. Hence M is the midpoint of the segment FG. We write p{F) = — / 
and p{G) = g, and we label F and G in such a way that — / < g. In view of (14.4.7) we 
have m = {f — g)/2. 
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Note that X is contained in the subset of defined by — / < x < g. Note also that AC, 
the fine joining the centers of S and Hi, meets the diameter FG oil perpendicularly at the 
center M. Furthermore, since A ^ II2 and M G 112, the point M lies on the segment AC. 
Let 6 denote the diameter of X which is perpendicular to the line FG. Then 6 is invariant 
under refiection about U and is therefore contained in a horizontal plane. 

We now derive an expression for g + m. We define points Mq, Q,Z G U hj setting Mq = 
(— m, 0, 0) and Q = (0, 0, 0), and defining Z to be the intersection of the vertical line through 
M with the horizontal line in U through G. As the triangles ACQ and MCMq are similar, 
we have ZACQ = ZMCMq = in/2) - ZCMMq = ZCMG - ZCMMq = ZGMMq. Hence 
the right triangles ACQ and CMMq are similar, and so 

\AC\{g + m) = \GM\ cosh R. 

It follows from (14.4.5) that \GM\ = n, and we have [ACp = cosh^/x + c^. Hence if p is 
defined as in the statement of the proposition, we have 

(14.4.8) g + m = pp. 

We can now prove assertion (2) of the proposition. If m > p/i, then by (14.4.8) we have 
(7 < 0. As we have observed that 1 is contained in the subset of defined by — / < x < g, 
it follows that X is contained in the open half-space — Hi of U^. Hence the set H2 fl -B, 
which is the hyperbolic convex hull of X, is also contained in \]^ — Hi, and is in particular 
disjoint from Ki. But i/2 H i? is the frontier of K2 relative to B, and so K2 either contains 
Ki or is disjoint from it. The former alternative is ruled out by (14.4.2); hence Ki (1X2 = 0, 
and so L{R,w,0,a) = 0. This is assertion (2) of the proposition. 

We now turn to the proof of Assertion (3) of the proposition. Assume that m < pp. Then 
by (14.4.8) we have g > 0. This means that G G Hi, so that 

(14.4.9) inHi^dS. 

It is clear from the definition of m that m > 0. Since g > and m = [f — g)/2, it follows 
that / > 0. 

Let T C M'^ denote the half-space z < coshi?, whose boundary plane contains A. Since M 
lies on the segment AC we have M eT. 

Since < a < 7r/2, the definition of c implies that c > 0. In view of (14.4.4), it follows 
that the line AC C U has positive slope, and that the segment AC is disjoint from Hi. 
In particular we have M ^ Hi. Since the line FG is perpendicular to AC, it has negative 
slope in U, and hence the ray originating at M and passing through G is contained in T. In 
particular FCnHiCT. 

Let W denote the plane containing X. Since W contains FG and is perpendicular to U, it 
now follows that W (1 Hi G T. 

In particular, if S- and S+ denote the lower and upper hemisphere of S, we have 

(14.4.10) inHiCS-. 
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The projection p maps X onto an ellipse S in M^. Since 6 and FG are mutually perpendicular 
diameters of X, and 6 is contained in a horizontal plane, p maps 6 and FG onto the major 
and minor axes of S, respectively. In particular the minor axis of E is contained in the 
a;-axis; the length of the semi-major axis of S is the radius of X, which by (14.4.5) is equal 
to n; and the semi-minor axis of S has length g + m, which by (14.4.8) is equal to p/i. The 
center of S is p{M) = (— m, 0). 

We denote by S the compact set bounded by S. Since / > and g >0, the line x = meets 
£^ in a possibly degenerate line segment u. We let Vq denote the intersection of S with the 
half-plane x > 0. 

The hemisphere S± is the graph of the function (x, y) = cosh R ± y^siiih^~R--a?^"^-^ on 
the disk X* C which has radius sinhi? and is centered at (0, 0). Likewise, it follows from 
(14.4.3) and (14.4.4), ^(112) is the graph of the function Uo{x,y) = ^Jv"^ — {x + c)^ — y^) on 
the disk V C which has radius v and is centered at (— c, 0). 

We have S = p{X) = p{S D U2) C p{S) n ^(na) = X" n X"'. Since X n X' is convex, we have 

^ c xnx'. 

The functions tp^ = Uq — Lq have domain X fl X'. Let TZ denote the right half-plane in 
defined by x > 0. Set W = X n X' n 7^. It follows from (14.4.10) that the function 
is identically zero onTZ{~\£ = Wr\£, and is non-zero on W \ while the function if)^ 
is non-zero on W. Since —ip~ is clearly a convex function, and since W fl £^ is the frontier 
relative to W of the convex set 7?. fl £^ = W fl the function ip' must be no n- negative on 
W n £^ and negative on W \ The function iIj^ is non-zero on the connected domain W, 
and is bounded above by 'ip^ . But ip' vanishes on the subset W fl £ of W, and this subset 
is non-empty by (14.4.9). Hence is negative- valued on W. 

It follows that we have 



(14.4.11) Lo (x, y) < Uo{x, y) < L+{x, y) when (x, y)eWr\£, 
and 

(14.4.12) Lq (x, y) > f/o(x, y) when {x,y eW\£. 

Wehave KinK2 = Br]Hir]H2, andp{BnH2) C XnX'. Set q = p\{Kin K2) ■.Ki^K2^ 
XnX'. It follows from (14.4.12) that q~^{x,y) = when {x,y) G W\£^; and it follows from 
(14.4.11) that when (x, y) E7ln£ = Wn£we have Lo(x,?/) < Uo{x,y), and q~^{x,y) is 
a vertical line segment whose endpoints have t-coordinates L^i^x^y) and Uo{x,y). Since the 
element of hyperbolic volume on is dtdA/t^, where dA is the Euclidean area element on 
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R^, we now find 

l(R, w, 0, a) = vo\{Ki n K2) 

_ r rUoix,y) dt dA 

:i4.4.13) ^ JTzniJL-{.,y) 

( 1 1 



dA. 



We shall complete the proof by re-interpreting the facts proved above in terms of polar 
coordinates (r, 6) in M^, taking the origin for the polar coordinates to be the point (— m, 0). 
Since S is centered at (— m, 0), has its minor axis contained in the x-axis, and has semi-major 
axis of length /i and semi-minor axis of length g + m, it is defined in these coordinates by 
the equation r = e{6). The set S is defined by r < e(^). The half-plane TZ is defined by 
r > m sec 6. The endpoints of the segment u are the intersections of S with the |/-axis, whose 
polar equation is r = msec 6. In view of the definitions of e and 6q it is clear that these 
intersection points are (±^0; ''^ sec 6'o). Since u G S, it follows that we have msec 6 < e{9) 
whenever —9q < 6 < Bo- 
lt now follows that V is the set of polar coordinate-pairs of points inTZn S. Since TZr\£ C 
£ C V n we have sinh^ R — (r cos 9 — mV — sin^ 6 > and 



V 



^ cos 9 + c — m)^ — sin^ 9 > 



for every {9, r) G V. 

The transition to polar coordinates transforms Uo{x, y) and Lq{x, y) to the functions U{r, 9) 
and L(r, 9). It follows that L(r, 9) < U{r, 9) for all (r, 9) G V. The area element is given by 
rdrd9, and (14.4.13) becomes 

i{R,W,0,a)= / m9 - orr. m9 



-ft) Jrnscce \2L{r, 9y 
do Me) ( r 




Imscc9 \L(^T.,9^'^ 

□ 

Proposition 14.5. If a E [0,7r/2] and w < then 

l{R, w, 0, a) + l{R, w, 0,71 — a) = k{R, w). 



Proof. Let Z E he given, set B = N{Z,R), and let (i and (2 be points in S=S{R, Z) 
separated by a spherical distance a. Let Q denote the antipode of (i on S, so that the 
spherical distance between Q and C2 is vr— a. Then Ki=K{R, Z, d, 0) and Kl=K{R, Z, Q, 0) 
are the two half-balls bounded by the plane Hi=H{ZXi,0), so that Ki U = B and 
KiHKl = Hi. In particular, setting K2 = K{R, Z, (2, w), we have {KinK2)U{KlnK2) = K2 
and {Ki n K2) n (i^i n fsTs) = U i/i. Hence 

w, 0, a) + w, 0, vr - a) = vol(i\:i n K2) + vol(K* n K2) = vol /sTa = k{R, w). 

□ 
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Proposition 14.6. Let Z be a point in M.^, let R > be a real number, and let a, Wi and 
W2 be real numbers with < a < ir and < Wi < W2 < R- Define quantities and \l/2 by 
= arccos(tanhwj/tanhi?) (so that < \l/2 < < 7r/2j. 

(1) //a < ^1 — \l/2 then l{R, Wi, W2, a) = n{R, W2)- 

(2) // q; > ^'i + ^'2 then l{R, Wi, W2, a) = 0. 

// — \E'2 < a < ^I/i + ^1/2 then there exists a unique pair (ai, 02) of numbers with 
— 7r/2 < ai < it/2 such that 

(14.6.1) ai + a2 = a 

and 

(14.6.2) tanhwicosa2 = tanhw2Cosai. 

Moreover, 

(14.6.3) l{R, Wi,W2, a) = l{R, wi, 0, ai + 7r/2) + l{R, W2, 0, 02 + 7r/2). 

Proof. Let Z he a. point in H^, and let Ci and C2 be points of S = S{R, Z) separated by a 
spherical distance a. We set B = N{R,Z). For i = 1,2, set rji = r]^. Hi = Il{Z,Q,Wi), 
Hi = H{Z, Ci, 0), and Ki = K{R, Z, d, Wi). 

Let n be a hyperbolic plane containing Z, d and ^2- We set s = S{R, Z) nH, D = B (iH, 
Aj = llj n n, and ki = Ki (1 U. We have Ki C K2 if and only if ki C k2, and we have 
Ki nK2 = if and only if /c^ n /c2 = 0. 

Let Ai and Bi denote the two points where Aj meets s. For i = 1,2 let Pi denote the point 
rji n Aj. Using the right triangle AiPiZ we find that cos ZAiZQ = (tanh ZPj)/(tanh ZAj) = 
(tanhtyj)/(tanhi?), so that 

(14.6.4) -^i = ZAiZQ = ZQZB, = ^ZAZBi. 

Since < ^2 < ^1 < 7r/2, there is a unique arc Ti <Z s which has endpoints Ai and Bi and 
has length less than half the length of s. 

Let E : t e^'^* denote the standard covering map : M — S*"*^, and let p : M — s denote the 
composition of E with a Euclidean similarity transformation of onto s. Since the spherical 
distance between (i and C2 is «, we may choose the similarity transformation defining p in 
such a way that p{0) = (i and p{a) = (2- 

Note that if ti, ^2 G 1^ are given, and we set Tj = p{ti) for i = 1,2, then ZT1ZT2 = |ti — ^2!- 

For 2 = 1, 2 it follows from (14.6.4) that p maps the unordered pair {±\E'i} to {Ai, Bi}, and 
maps the unordered pair {a ± "$2} to {A2, i?2}- After possibly re-labeling the Ai and Bi we 
may assume that p(— \l/i) = Ai, p(\E'i) = Bi, p{a — "^2) = A2 and p{a + "^2) = B2- 

Let J C M denote the smallest closed interval containing the four numbers ±^1 and a ± \l/2. 
Since < < 7r/2 and < a < tt, we have J C [7r/2, tt]. Hence p maps J homeomorphically 
onto an arc in s. Since the intervals [— \I^i,\E'i] and [a — \l/2,a + \l/2] have length < tt, the 
map p sends [— and [a — \l/2, ^2]) onto ri and T2 respectively. 
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Consider the case in which a < \E'i — \l/2. In this case we have — < a — \l/2 < « + ^1^2 ^ ^i? 
so that [a — ^2,01 + '^2\ C [— and hence T2 C ri. We therefore have ki C k2 and 
hence Ki C K2, so that t(-R, Wi, W2, a) = n{R,W2). This proves (1). 

Next suppose that a > + \l/2. In this case we have — <\l/i<a — \l/2<« + ^2, so 
that [a - ^'2, a + ^'2] n [-^'i, *i] = and hence r2 n n = 0. We therefore have /ci n /c2 = 
and hence KiH K2 = 0, so that l{R, Wi,W2, a) = 0. This proves (2). 

We now turn to the case — \l/2 < a < + \E'2- (In particular a is then non-zero.) Since 
\l>i > \l/2, in this case we have < a - \[^2 < ^1 < « + ^2, so that [a - \l/2, « + ^2] and 
[— \E'i, overlap in the common sub-interval [a — \E'2, ^^i] which is proper in both of them. 
Hence the arcs Ti and T2 overlap in a common sub-arc r which has endpoints A2 and Bi and 
is proper in both the Tj. It follows that the lines Ai and A2 meet at a point Y lying in the disk 
D, and that the ray originating at Z and passing through Y meets the arc r at some point 
X. We may write X = p{ai) for some ai G (a — \l/2, "^i)- We set 02 = a — ai G [a — \l/2]. 
In particular we have ai,a2 G (— 7r/2, 7r/2), and (14.6.1) obviously holds with our choice of 
the ttj. The cases where 0:2 > and where 0:2 < are illustrated in the diagram. 




Since p{ai) = X and p{0) = Ci, we have ZPiZY = Z(iZX = \ai\. Since p{ai) = X and 
p{a) = (2, we have ZP2ZY = Z(2ZX = \a — ai\ = \a2\. Thus for i = 1, 2 we have 

(14.6.5) ZPiZY=\ai\. 

For i = 1,2, the hyperbolic line segment ZY is the common hypotenuse of the two right 
triangles with vertices at Z, Y and Pj. Hence for i = 1,2, the hyperbolic tangent of the length 
of this segment is (tanhifj)/ cos{ZPiZY), which by (14.6.5) is equal to (tanhtyj)/cosaj. In 
particular we have tanhwicosa2 = tanhw2Cosai. This is (14.6.2). 

For z = 1, 2, since Hj meets H perpendicularly in the line ii, we have Hi fl H2 = L, where L 
denotes the line meeting H perpendicularly at Y. Let io denote the hyperbolic line containing 
Z, Y and X, and let Hq denote the plane which meets H perpendicularly in the line io. Since 
X G r, and since r subtends an angle + \l/2 — a < 2\l/2 < vr, the endpoints Bi and A2 of 
r lie in different components of — Hq. We index the two half-spaces bounded by Hq as 
and in such a way that Bi G and A2 G We set K'^ = B n H'q iov t = 1,2. 
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Let ^ denote the line which is perpendicular to 11 at Y . Since the lines and £2 meet 

at the point F, the planes Ho, Hi and 112 meet in the line i. Let /iq, hi and /12 denote the 
half-planes of Hq, Hi and 112 which are bounded by i and contain X, Bi and A2 respectively. 
The definition of the half-spaces and Hq implies that fl Hq has frontier hi U h2 and 
contains /iq- It follows that HiD H2 = {Hi fl Hq) U {H2 fl Hq). In particular we have 

KinK2 = {Ki n A^o') u (/^2 n i^o'). 

Since {Ki n Kl) n {K2 n /T^) C Hq, it follows that 

(14.6.6) l{R, wi, W2, a) = vo\{Ki n K2) = vo\{Ki n K^) + Yo\{Ki n K^). 

Now set Co = i'l'^i + ^/2) and Co = p{cii ^ ^/2)- For i = 1,2, set ?7q = 77^. Since p(0) = Ci 
and p{ai + n/2) = (q, we have Z(iZ(q = \{ai + 7r/2) — 0| = ai -|- 7r/2. Since p{a) = (2 and 
p{ai — 7r/2) = Cg, we have Z(2Z(q = \{ai — 7r/2) — a\ = a2 + v: 12. Thus for « = 1, 2 we have 

(14.6.7) ZC^Co = a* + V2. 

Since p(ai) = X, p(ai+7r/2) = Co, and p(ai— 7r/2) = Cq, the rays //q and are perpendicular 
to ^0 and hence to Ho, and they point in opposite directions in the line through Z which 
is perpendicular to Ho. Hence each of the half-spaces H{Z,Q,0) is bounded by Ho. It 
follows that H{Z,(q,0) and H{Z, (q,0) are equal to Hq and Hq in some order. But since 
p{ai + 71/2) = Co, p(^i) = Bi and ai < ^'i, we have ZCo^-^i = l«i + 7r/2 - = 
ai - ^ + 7r/2 > 7r/2. It follows that H{Z, C^, 0) = H^, and therefore that H{Z, (1 0) = Hi 
Hence 

(14.6.8) K'o = K{R,Z,Q,0) ioT i = 1,2. 

From (14.6.7), (14.6.8), and the definition of l, it follows that 

(14.6.9) vo\{Ki n K'q) = l{R, Wi, 0, + 7r/2). 
The equality (14.6.3) follows from (14.6.6) and (14.6.9). 

It remains to show that ai,Q!2 € [— 7r/2,7r/2] are uniquely determined by the conditions 
14.6.1 and 14.6.2. For this purpose it suffices to show that there is at most one number 
X G [— 7r/2,7r/2] such that tanhu^icosx = tanhtf;2C0s(a — x), i.e. such that 

(14.6.10) tanhtfi cosx = (tanhtf;2)(cosa cosx -|- sin a sin x.) 

Since a and W2 are non-zero, the equality (14.6.10) cannot hold with x = ±7r/2. If 7r/2 < 
X < 7r/2 then (14.6.10) is equivalent to (tanh W2)(sinQ; tanx -|- cosa) = tanhwi, which can 
have at most one solution for x G (— 7r/2,7r/2) since tanx increases monotonically on that 
interval. □ 

14.7. The results of this appendix can be used to compute arbitrary values of the functions 
K and L. For any i? > it is clear that k{R, w) = for w > R and that k{R, 0) = B{R)/2 = 
(7r/2)(sinh(2i?) — 2R (see 9.0.1). When < w < R, we can calculate hi{R,w) directly from 
Proposition 14.3. 
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Similarly, it is clear that for any R > and any a G [0,7r], we have L{R,Wi,W2,<y) = 
whenever either wi or W2 is at least R. If each of the Wi is less than R then Proposition 
14.6 reduces the calculation of l{R, wi,W2, a) to the special case in which W2 = 0. It is clear 
that l{R,w, 0,0) = k{R,w) and that l{R,w,0,'7i) = 0, and it follows from Proposition 14.5 
that l{R, w;, 0, 7r/2) = k{R, w)/2. If 7r/2 < a < tt, we can compute l{R, w, 0, a) directly from 
Proposition 14.4. If < a < 7r/2, Proposition 14.5 reduces the calculation of L{R,wi,W2,a) 
to the calculation of l{R, 10,11 — a) and k,{R, w), which can be carried out using Propositions 
14.6 and 14.3. 

There are two points in the body of this paper where the formulas given in this appendix 
were used in rigorous sampling arguments to establish numerical bounds for certain functions. 
The proof of Lemma 12.4 required calculating 100 different numerical values of l{R, w, w', a), 
and the proof of Lemma 13.3 required calculating several thousand values of k. 

The evaluation of k from Proposition 14.3 is straightforward as it is given by a closed-form 
expression. In evaluating l, there are two steps which require somewhat more elaborate 
numerical methods. First, the application of Proposition 14.6 in the case where — \l/2 < 
a < + \l/2 requires the numerical solution of the equations (14.6.1) and (14.6.2). We used 
the routine hybrd, which is included in the MINPACK library, to find approximate solutions 
to this system. The step involving Proposition 14.4 seems to require numerical integration, 
as we do not know of a closed-form expression for the integral in (14.4.1). For this purpose 
we relied on the adaptive Gaussian quadrature method which is implemented in the python 
scipy module and uses the FORTRAN quadrature routines from the QUADPACK library. 
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